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Abstract. -We propose and analyze the Proximal Adaptive Momentum with Variance Reduction (PAMVR) algorithm, a
novel first-order method for solving nonconvex composite optimization problems of the form min F(x) = f(x) + g(x), where
f is a smooth nonconvex function and g is a proper convex, lower-semicontinuous regularizer. PAMVR integrates three
complementary mechanisms: (i) a momentum-corrected gradient estimator with adaptive step sizes, (ii) a periodic variance-
reduction snapshot strategy inspired by SVRG, and (iii) a proximal operator for handling the nonsmooth component. Under
standard Lipschitz-gradient and bounded-variance assumptions, we establish global convergence to an epsilon-approximate
stationary point with a sample complexity of O(n + n”™{2/3}/epsilon”2) stochastic gradient evaluations, matching the best-
known bounds for this problem class while requiring weaker algorithmic assumptions than existing momentum-based
methods. We further prove almost-sure convergence of the iterate sequence under a Kurdyka-Lojasiewicz (KL) regularity
condition, obtaining explicit convergence rates depending on the KL exponent. The theoretical findings are validated on
benchmark nonconvex problems including sparse logistic regression, matrix completion, and neural network training,
demonstrating consistent improvements of 15-32% in convergence speed over PROX-SVRG, ProxGD-M, and Spider-Boost
baselines. These results establish PAMVR as both a theoretically sound and practically competitive method for large-scale
nonconvex optimization.
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. INTRODUCTION g-approximate stationary point under Lipschitz-

gradient assumptions, but each iteration requires
evaluation of the full gradient Vf, rendering it
prohibitively expensive in the finite-sum or stochastic
setting, where f(x) = (1/n)Zf_i(x). Stochastic variants
such as Prox-SGD reduce per-iteration cost to a single
gradient sample but introduce irreducible variance,

Large-scale nonconvex composite optimization
problems of the form

min_{x € RAd} F(x) = f(x) + g(x), (P)

where f is smooth and nonconvex while g is a proper,
lower-semicontinuous (Isc) convex regularizer, arise
ubiquitously in machine learning, signal processing,
statistical estimation, and engineering design.
Representative  instances include {i-regularized
empirical risk minimization, low-rank matrix
recovery, group-sparse regression, and training of
deep neural networks with weight-decay penalties.
The interplay between the nonsmooth regularizer and
the nonconvex smooth part makes such problems
structurally richer and computationally more
challenging than either purely smooth or purely
convex formulations.

Classical proximal gradient descent (ProxGD)
achieves an O(1/¢?) iteration complexity for finding an

preventing exact convergence unless step sizes are
driven to zero.

Variance reduction (VR) techniques—notably SVRG
[Johnson and Zhang, 2013], SAGA [Defazio et al.,
2014], and SPIDER [Fang et al., 2018]—restore fast
convergence in the stochastic setting. For convex
problems, VR methods achieve linear convergence;
for nonconvex problems, SVRG and SPIDER attain an
O(n + n™{2/3}/e?) sample complexity, matching the
lower bounds established by Fang et al. (2018) and Li
and Li (2021). However, existing VR methods for
composite nonconvex problems typically neglect
momentum, which empirically  accelerates
convergence but introduces non-trivial analytical
challenges in the nonconvex regime.
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Momentum-based  methods—Adam, AMSGrad,
AdaGrad—are standard in deep learning practice but
their convergence for nonconvex composite problems
remains theoretically under-explored. Recent work
[Chen et al., 2024; Zou et al., 2025] has shown that
naive momentum combined with VR can violate the
descent lemma due to correlated gradient errors,
necessitating carefully designed correction terms. This
gap between theory and practice motivates the present
work.

1.1 Contributions

The main contributions of this paper are as follows:
(C1) Algorithm design. We introduce PAMVR,
which couples an adaptive momentum term with
periodic variance-reduction snapshots and a
proximal step. The momentum coefficient B_k is
adapted online to control bias from stale gradient
estimates, and a correction buffer ensures
unbiasedness at snapshot epochs.
(C2) Optimal sample complexity. We prove
that PAMVR achieves O(n + n"{2/3}/¢?)
stochastic gradient evaluations to produce an e-
stationary point, matching the information-
theoretic lower bound without requiring large
mini-batches.
(C3) KL-based iterate convergence. Under the
Kurdyka-Lojasiewicz (KL) property, we prove
almost-sure convergence of the full iterate
sequence {x_k} and characterize the rate as
O(k™{-p/(1-p)}) for KL exponent 6 = 1 — p.
(C4) Numerical validation. We benchmark
PAMVR on sparse logistic regression, matrix
factorization completion, and a two-layer neural
network training task, consistently
outperforming PROX-SVRG, ProxGD-M, and
Spider-Boost.

1.2 Related Work

Proximal gradient methods for composite optimization
were systematically developed by Beck and Teboulle
[2009] and Nesterov [2013]. For the nonconvex case,
Ghadimi and Lan [2016] established the O(1/€?)
complexity of Prox-SGD. SVRG was adapted to the
nonconvex proximal setting by Reddi et al. [2016],
achieving O(n"{2/3}/e?) complexity. The SPIDER
estimator of Fang et al. [2018] improved upon this by
exploiting recursive gradient differences, matching the
lower bound up to constants.

Momentum in stochastic optimization has been
studied by Yan et al. [2018] (SVRG-BB), Cutkosky
and Mehta [2020] (momentum-based VR), and more
recently by Zou et al. [2025] (ProxMomentum-
SPIDER). The latter achieves O(n"{1/2}/e?)
complexity in the smooth case but does not handle

composite objectives or provide KL-based iterate
convergence. Our work fills this gap by providing a
unified analysis of adaptive momentum, variance
reduction, and proximal steps for the composite
nonconvex setting.

1. MATHEMATICAL
PRELIMINARIES

Throughout, we work in the Euclidean space R"d with
inner product (-,-) and norm I-l. We denote by dg(x)
the subdifferential of g at x and by prox_ {ng}(y) =
argmin_x {ng(x) + (1/2)Ix—yl*} the proximal operator
of g with step size 1> 0.

2.1 Assumptions

Assumption Al (Finite-sum structure). The smooth
component has the finite-sum form f(x) =
(Im)Z {i=1}"{n} f i(x), where each f i: R"d — R is
continuously differentiable.

Assumption A2 (L-smoothness). Each component f_i
is L-smooth: IVf i(x) — Vf_i(y)l < LIx — yl for all x, y
€ R*d and some L > 0.

Assumption A3 (Lower boundedness). The
objective F is bounded below: F* := inf_{x} F(x) >
—o0.

Assumption A4 (Bounded variance). For each i,
E[IVf i(x) — Vf(x)I?] < o for all x and some ¢ > 0.
Assumption A5 (KL property, for iterate
convergence). F satisfies the Kurdyka-Lojasiewicz
property at every critical point x* € crit(F): there exist
r, n > 0 and a desingularizing function ¢ € C*1([0, 1))
with ¢(0) =0, ¢’ > 0, such that ¢’(F(x) — F(x*))-dist(0,
OF(x)) > 1 for all x in B(x*, r) N {F* <F <F* +n}.

2.2 Stationarity Criteria

A point x is a g-approximate stationary point of (P) if
there exists § € OF(x) := Vf(x) + dg(x) such that Ig] <
e. Equivalently, the proximal gradient mapping
G n(x) = (x — prox_{ng}(x — nVf(x)))/n satisfies
IG n(x)l < &. We use the latter criterion, which is
standard for composite problems and reduces to the
gradient norm criterion when g = 0.

2.3 The SPIDER Gradient Estimator

The SPIDER estimator [Fang et al., 2018] maintains a
running gradient difference: at an inner iteration t
within epoch k, it computes

V_t=Vf {S t}(x t)— VI {S t}(x_{t-1})+v_{t-1},
where S_t is a mini-batch of size b. This recursive
estimator satisfies E[lv_t — Vf(x t)I’] < L2x t —
x_{t=1}I? / b, making the variance proportional to the
squared step length rather than a constant.
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I11. THE PAMVR ALGORITHM

Algorithm 1 formalizes PAMVR. The outer loop
(epoch index k = 0, 1, ..., K—1) computes a full
snapshot gradient p_k = Vf(t_k) at the epoch anchor
T_k at cost O(n). The inner loop (t=1, ..., m) executes
momentum-corrected proximal steps using a recursive
SPIDER estimator v_t.

Algorithm 1: PAMVR (Proximal Adaptive
Momentum with Variance Reduction)
Input: xo € dom(g); step sizes {n_k}; momentum
schedule {B_k} € [0, B_max]; epoch length m;
mini-batch sizes b, bo.
1. Set mo=xo; k=0.

2. Fork=0,1, ..., K-1do:
3. Set snapshot anchor T k =x_{km} (start
of epoch k).

4.  Compute full snapshot gradient: p_k =
Vi(t k)= (1/m)Z_{i=1}"{n} VI_i(t_k). [Cost:
O(n)]

5. Initialize inner iterate: xo{(k)} =t _k;
momentum buffer: mo™{(k)} = pn_k.

6. Fort=1,2,...,mdo:

7. Draw mini-batch S_t with |S_t| = b at
random.
8. Compute SPIDER difference: § t=
Vi_{S_t}(x {t-1}{(k)}) — Vf {S t}(z k) +
p k.
9. Adaptive momentum update:

B kM =min(B max,C /(1 +km+
™N{1/3})

m_t"{(k)} =p_k* - m_{t-1}{(k)} +
(1-B k)-8 t
10. Proximal gradient step:

x_tM{(K)} = prox_{n_k g}(x_{t-
A9} —n k- m t*{(k)} )
11. End For (inner)
12, Setx_{(k+1)m} = x chosen uniformly at
random from {x_1"{(k)}, ..., x m™{(k)}}.
13. End For (outer)
14. Output: x_{out} chosen uniformly from all
inner iterates.

3.1 Design Rationale

The adaptive momentum coefficient B_k"* decays as
O(k"{-1/3}), serving two purposes: (a) it provides
aggressive acceleration in early epochs where gradient
estimates are noisy, and (b) it ensures asymptotic
diminution of the momentum bias, which is essential
for convergence guarantees. The exponent 1/3 is
derived from our complexity analysis (see Lemma 4.3)
and cannot be replaced by a fixed constant without
degrading the sample complexity to O(n/e*2).

The mini-batch structure allows a trade-off: inner
mini-batches of size b = n™{1/3} give optimal

complexity per epoch, while the full snapshot gradient
at the epoch start anchors the recursive estimator. This
two-level structure differs from standard SVRG
(which uses full inner gradients at every step) and from
pure SPIDER (which lacks momentum).

IV. CONVERGENCE ANALYSIS

All expectations are taken over the randomness of
mini-batch sampling. We denote F k= o({x j:j<k})
as the natural filtration.
4.1 Technical Lemmas
Lemma 4.1 (Variance of the momentum
estimator).
Let Assumptions A1-A4 hold. With step size
n_k < 1/(2L) and momentum  k <3 max <
1, the momentum estimator m_t*{(k)}
satisfies:
E[ Im_tM (k)} — VR(x_{t-13ME&) )P |F_{t-1}
1< 2B k*2-A {t-1} + L¥b)Ix_{t-1}(k)}
-1 k2,
where A {t-1} := E[lm {t-1}"{(k)} -
VI(x_{t-2}M{(k)}PHI?] denotes the
accumulated bias from the previous inner
step.

Proof.
Decompose the momentum estimator error as
m_t"{(k)} — VE(x_{t-1}{(k)}) = A_t + B_t,
where
At = B kKMm_ {t-1}"M{K)} — Vi {t-
2N(K)}) + PRV {t-23{K)}) -
Vi(x_{t-1}{(k)})),
B t:=(1-p k) _t— VIx_{t-1}*{(K)})).
By the SPIDER analysis of Fang et al. [2018],
E[IB_tI> | F_{t-1}] < (L¥b)Ix_{t-1}"{(k)} —
T _klI>. For A_t, the Young inequality and L-
smoothness of f give
E[IA_t? | F_{t-1}] < 2p_k"2(A_{t-1} +
Ln_{k-1}"2IG_nl?).
Combining under B k < P max and
collecting terms gives the stated bound. o

[
Lemma 4.2 (Descent inequality).
Under Assumptions A1-A3 and step sizen_k
< 1/(3L), for any inner iterate x t"{(k)}:
E[F tM(OD] < E[FG_{t+-13~{(0})] —
(n_k2)E[IG_{n_K}(x_{t-} P +
(C_1n_k"3 LM/b)-S_{t-1},
where S_{t-1} :=% {=0}"{t-2} Ix_j*{(k)} —
T _kI* and C 1 is a universal constant.
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4.2

Proof.
From the descent lemma for L-smooth
functions and the proximal operator
definition:
Fx_tM)y) < F_{t-1}M{K)}) -
n_k(VE(x_{t-1}"{(k)}), G_{n_k}(x_{t-
N} + (k"2 LI2IG_{n_k}(x_{t-
DMMODE + nk(et, G {n khx it
{2
wheree_t=m_t"{(k)} — VF(x_{t-1}(K)}) is
the estimator error. Applying AM-GM and
the bound from Lemma 4.1 for E[le tI*|F_{t-
1}], and telescoping the accumulated drift
term S _{t-1}, vyields the stated descent
inequality after taking expectations. The
condition n_k < 1/(3L) ensures the negative
gradient term dominates the Lipschitz
remainder.

|
Main Convergence Theorem
Theorem 4.1 (Sample complexity of
PAMVR).
Let Assumptions A1-A4 hold. Set mini-
batch b = [n*{1/3}], inner epoch length m =
n"{2/3}, step size n_k = ¢/(LNn"{1/3}) for a
suitable constant ¢ > 0, and momentum
schedule p_k"*=C B k"{-1/3}. Then after K
outer epochs, PAMVR produces an output
x_{out} satisfying
E[IG n(x_{out})l’]<C 0 - L(F(x 0)—F*)/
(K- n™{1/3}),
where C 0 is an absolute constant. To
achieve E[IG n(x_{out})I’] < €2, the total
stochastic gradient evaluation count is
T total =K-(n + m'b) = O(n + n*{2/3}/¢?).
This bound matches the information-
theoretic lower bound for first-order methods
on this problem class.

Proof.

Telescope Lemma 4.2 over all m inner steps
of epoch k and sum over K epochs. The
accumulated drift term X S {t-1} is
controlled using the step-length bound
implied by the descent inequality: £ Ix t —
X {t-1}I? < n k* X IG nl”. Choosing m =
n™{2/3} and b = n*{1/3} balances the full
gradient cost n against the inner variance term
(L2/b)-m'm_k?2, yielding a per-epoch cost of n
+ m-b = n + n. Dividing the total objective
decrease F(x_0) — F* by the epoch count K
and rearranging produces the stated bound.
The step-size condition n_k < 1/(3L) is
satisfied with ¢ < n"{1/6}/3.

For the sample complexity claim: to achieve
the target E[IG_nI*] < €2, we require K> C_0

L(F(x_0)-F*)/(m"{1/3} €?). Then T =K 2n
= O(n/e? - n"{-1/3}) = O(n"{2/3}/¢?) for n >
1/¢"3. Adding the initial snapshot cost Kn =
O(n"{2/3}/¢€?) gives O(n + n™{2/3}/e?) total.

|
4.3 Iterate Convergence under the KL Condition

Theorem 4.2 (Almost-sure iterate
convergence).
Suppose Assumptions A1-Ab5 hold. If the KL
desingularizing function satisfies ¢(s) = ¢ -
s"{1-6} with 6 € [0, 1), then the iterate
sequence {x_k} generated by PAMVR
converges almost surely to a critical point x*
of F. Moreover, the convergence rate is:
(1) Finite convergence if 6 = 0.
(i1) Linear rate: Ix_k — x*I < C p”k for some
p € (0,1)if 6 € (0, 1/2].
(iii) Sub-linear rate: Ix_k — x*| < C k*{-(1-
0)/(26-1)} if 6 € (1/2, 1).

Proof.
The proof follows the abstract KL framework
of Attouch et al. [2013], adapted to the
stochastic proximal setting. Three conditions
are verified: (i) sufficient decrease (Lemma
4.2), (ii) relative error bound (dist(0,0F(x_t))
<C 2/ Ix_t —x_{t-1}1, following from the
proximal subgradient inclusion), and (iii)
continuity (trivially satisfied since each x_t is
computed via a continuous proximal map).
Given these three conditions and the KL
property at any cluster point x*, the standard
induction argument of Attouch et al. [2013]
yields X Ix_{t+1} — x_tl < oo almost surely,
implying Cauchy convergence and hence
convergence to x*. The rate dichotomy (i)—
(iii) follows from the analysis of the (F(x_t)
— F(x*)) potential sequence using the KL
inequality and the summability of squared
step lengths.

|

V. SPECIAL CASES AND
EXTENSIONS

5.1 Smooth Setting (g = 0)

When g = 0, the proximal step reduces to x_t=x_{t-
1} —m_km t*{(k)}, recovering a momentum SPIDER
method for smooth nonconvex optimization. Theorem
4.1 recovers the O(n™{1/2}/€%) complexity of [Zou et
al., 2025] up to constants, confirming the consistency
of our framework.
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5.2 Strongly Convex Regularizer

If g is p-strongly convex (e.g., g(x) = (W2)IxI?), the
proximal step introduces additional contraction.
Modifying Lemma 4.2 with the strong convexity of g
yields a stronger descent: the €2 in Theorem 4.1 can be
replaced by the sub-optimality gap F(x_out) — F*, and
the sample complexity improves to O((n + «
n"{2/3})/e) in the strongly-convex case, where x =
L/

5.3 Online / Streaming Setting

When data arrive in a streaming fashion (n = ), the
full snapshot gradient is replaced by a large mini-batch
estimate of size bo = 1/e. Under this modification,
Theorem 4.1 gives T_total = O(1/&"3) per independent
stochastic draw, recovering the standard streaming
complexity bound for nonconvex stochastic
optimization.

5.4 Distributed Implementation

PAMVR admits a straightforward distributed
implementation: the snapshot gradient p k is
computed by averaging local gradients across W
workers, incurring a communication overhead of
O(d/W) per epoch. The inner SPIDER steps are fully
local, communicating only the mini-batch gradient
differences. This yields a parallel speedup of up to Wx
on the inner loop, making PAMVR attractive for large-
scale federated optimization applications.

VI. NUMERICAL EXPERIMENTS

We evaluate PAMVR on three standard benchmarks
and compare against three competitive baselines:
PROX-SVRG [Reddi et al., 2016], ProxGD-M
(proximal heavy-ball), and Spider-Boost [Wang et al.,
2019]. All experiments use n = 10,000 training
samples in R"{500}. Hyperparameters for each
method are tuned via grid search on a held-out
validation set.

6.1 Sparse Logistic Regression (L1
Regularization)

We minimize F(x) = (1/n)Z log(1 + exp(—y_i (a_i, X}))
+ Mxl: on the real-sim dataset (d = 20,958, n = 72,309,
A = 10"{-4}). PAMVR reaches a proximal gradient
norm of 107{-4} in 42 effective passes (epochs x m/n),
compared to 63 for PROX-SVRG, 68 for ProxGD-M,
and 57 for Spider-Boost. This represents a 33%
improvement over PROX-SVRG and 27% over
Spider-Boost in effective data passes.

6.2 Matrix Factorization Completion

For the Netflix Prize subsampled problem (500 x 500
matrix, 20% observed entries), we minimize the
nonconvex loss F(U,V) = [P Q(UVAT — M)I_F? /

(2|Q)) + A(IUI_F* + IVI_F?). PAMVR converges to
RMSE < 0.89 within 18 epochs, while PROX-SVRG
and Spider-Boost require 28 and 23 epochs
respectively, a 36% and 22% improvement. The
variance-reduction property also yields noticeably
smoother loss curves, reducing oscillations in the later
iterations.

6.3 Two-Layer Neural Network Training

We train a two-layer ReLU network (d = 1,000
parameters, hidden dim 200) on MNIST with cross-
entropy loss and weight-decay (L2) regularization A =
10"{-3}. PAMVR achieves 97.8% test accuracy in 25
epochs vs. 97.5% for Spider-Boost and 97.1% for
PROX-SVRG in the same budget. The adaptive
momentum schedule is particularly beneficial in the
first 5 epochs, where the initial rapid descent is
amplified, followed by stable convergence in the final
epochs as B_k** diminishes.

6.4 Complexity Comparison Table

SGD O(1/€?) No No No
Prox- O(1/e?») No No Yes
SGD

PROX- O(n"{2/3}/e* Partial No Yes
SVRG )

Spider- O(n"{1/2}/¢? No No No
Boost )

ProxG  O(1/€?) No Fixed Yes
D-M

PAMV O(n+n™{2/3} Yes (0- Adaptive Yes

R /€?) rate)
(Qurs)

Table 1. Comparison of PAMVR with existing first-
order methods for nonconvex composite
optimization.

VIl. CONCLUSION

We have introduced PAMVR, a proximal first-order
algorithm that integrates adaptive momentum with
periodic variance reduction for nonconvex composite
optimization. The key technical contribution is a
careful analysis of how the decaying momentum
schedule B k** = O(k"{-1/3}) controls the
accumulated bias while preserving the variance-
reduction benefit of the SPIDER estimator. This
balance enables us to prove: (i) an optimal O(n +
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n"™{2/3}/€?) sample complexity matching information-
theoretic lower bounds, and (ii) almost-sure iterate
convergence with explicit KL-exponent-dependent
rates.

The algorithm is straightforward to implement,
requires only one full gradient computation per epoch,
and admits natural extensions to the distributed and
streaming settings. Empirical validation on sparse
regression, matrix completion, and neural network
training confirms that the theoretical gains translate
into consistent practical improvements of 15-33%
over competitive baselines.

Several open questions remain. First, can the sample
complexity be improved to O(n"{1/2}/e?) by
incorporating second-order curvature information?
Second, can the KL exponent 6 be estimated
adaptively from online data to automatically select the
momentum schedule? Third, extending the analysis to
the federated learning setting with partial participation
and Byzantine clients is of both theoretical and
practical interest. We intend to address these directions
in future work.
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