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Abstract- we completely determine the rings for which every element is a sum of a tripotent, and a idempotent that 

commutative with one another, and the rings for which every element is a sum of a tripotents and two idempotent that 

commutative with one another. Here are all the possible meanings and translations of the word tripotent. Relating to or being 

a mathematical quantity which when applied to itself under a given binary operation (such as multiplication) equals itself 

also: relating to or being an operation under which a mathematical quantity is idempotent. We study the class of rings R with 

the property that for x ∈ R at least one of the elements x and 1 + x are tripotent. We prove that a commutative ring has this 

property if and only if it is a subring of a direct product R0 × R1 × R2 such that R0/J(R0) =∼ Z2, for every x ∈ J(R0) we have 

x2 = 2x, R1 is a Boolean ring, and R3 is a subring of a direct product of copies of Z3. 
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I. INTRODUCTION 
 

An element x of a ring R is called tripotent if x3 = x, and 

a ring R is tripotent if all its elements are tripotent. Hirano 

and Tominaga proved in [4, Theorem 1] that a ring R is 

tripotent if and only if every element of  R is a sum of two 

commutating idempotents. The class of these rings was 

extended in [7, Section 4] to the class of rings R such that 

every element is a sum or a difference of two commuting 

idempotents. This is a natural approach since similar 

methods were applied for other classes of rings. 
  

The world idempotency singnifies the study of semirings 

in which thhe addition operation is idempotent: a+a=a . 

the best – known example is the max-plus semiring,JR 

U{-00},in which addition is defined as max{a,b} and 

multipli-cation as a+b,the latter being distributive over the 

former. 

 

Apparently the natural question which asks if we can 

properly extend in a similar way the classes of rings 

which satisfy identities which involve tripotents instead of 
idempotents has a negative answer, since u is tripotent 

whenever u is tripotent. However, we want to propose 

such an extension, starting by the following remarks: 

 

 Every element of a ring R is a sum or a difference of 

two (commuting) idempotent if and only if for every x∈ 

R at least one of the elements x or 1 + x is a sum of two 

(commuting) idempotents; 

 A ring R is weakly clean if and only if for every x ∈R 
at least one of the elements x or 1 + x is a sum of a unit 

and an idempotent. 

 A ring R is weakly nil-clean if and only if for every x∈R 
at least one of the elements x or 1 + x is a sum of a 

nilpotent and an idempotent. 

 

1. Preliminaries and examples: 

Before we will study the connections between these 

classes, we state some basic properties of weakly tripotent 
rings. 

 

Lemma: 1.1 

Let R be a weakly tripotent ring. Then 

 Every subring of R is weakly tripotent; 

 Every homomorphic image of R is weakly tripotent; 

 24 = 0, hence R has a decomposition R = R1 × R2 such 

that R1 and R2 are weakly tripotent rings, 8R1 = 0, and 

3R2 = 0. 

 

Proof: 
For the case R is of characteristic 3, it is easy to see that 

the identity (1 + x)3 = 1 + x implies x3 = x. 

 

Therefore, weakly tripotent rings of characteristic 3 are 

tripotent, hence we can restrict our study to rings on 

characteristic 2k, k∈ { 1, 2, 3 } . 

 

We refer to [3] for other extensions of other 

generalizations of tripotent rings of characteristic 3. 

 

Proposition: 1.1 

The following are equivalent for a ring R: 

 R is weakly tripotent;  

 For every element 𝑥 ∈ 𝑅 at least one of the elements x 
or 1 x is tripotent. 
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Proof: 

 

(a) ⇒(b) 

 

Let x ∈ R such that x3≠ 𝑥. 

 

It follows that (−𝑥)3 ≠ −𝑥, 

 

Hence (1 − 𝑥)3 = 13 + 3𝑥2 − 3𝑥 − 𝑥3 

 

=(1 − 𝑥) 
 

(b)⇒(a) 

 

This can be proved in a similar way. 

  

II. IDEMPOTENTS 
 

1. Definition: 

A ring R is said to satisfy idempotent 1-stable range 

provided that for any a, b ∈ R, aR +bR = R implies there 

exists an idempotent e ∈ R such that a+be is left invertible 

in R. 

 

Proposition: 1.2 

The following are equivalent: 

 R satisfies idempotent 1-stable range. 

 For any 𝑎, 𝑏 ∈ 𝑅, 𝑎𝑅 + 𝑏𝑅 = 𝑅, implies there exists 

an idempotent𝑒 ∈ 𝑅 such that a+be ∈U(R). 
 

Proof: 

 

(2)=(1) is trivial. 

 

(1)=(2) .Given 𝑎𝑅 + 𝑏𝑅 = 𝑅 . 

 

Then there exists an idempotent e ∈ R such that a+be=u is 

left invertible in R. 
 

Assume that vu=1 for some v ∈ 𝑅. Then 𝑣𝑅 + 0𝑅 = 𝑅. 

Thus, we can find an idempotent f∈ 𝑅 such that v+0.f=v 

is left invertible in R. So v is a unit ,and then a+be is unit. 

 

2. Corollary: 

The following are equivalent: 

 R satisfies idempotent 1-stable range. 

 For any 𝑎, 𝑏 ∈ 𝑅, 𝑎𝑅 + 𝑏𝑅 = 𝑅,implies there exists an 

idempotent𝑒 ∈ 𝑅 such that a+be is right invertible in R. 

 

Proof: 
(1)=(2) is clear from by above proposition. (2)=(1). Given  

 

𝑎𝑅 + 𝑏𝑅 = 𝑅, 

 

Then there exists an idempotent e ∈ R such that a+be is 

right invertible. Assume that uv=1 for some v ∈ 𝑅. 

Since 𝑣𝑅 + (1 − 𝑣𝑢)𝑅 = 𝑅, 

 

We can find an idempotent 𝑓 ∈ 𝑅 such that 𝑣 + (1 − 

𝑣𝑢)𝑓=w is right invertible in R. 

 

Obviously,  

 

uw = u v + (1 - vu)f = 1 

 

This implies that w is a unit. So a + be is a unit, as 

required. 

 

Now we investigate elements in 2-dimensional general 
linear groups over rings sat- isfying idempotent 1-stable 

range. As an application, we shall give an element-wise 

characterization of such rings. 

 

III. CONCLUSION  

 
In this paper, we talked about tripotent rings and 

Idempotent rings. We studied the idempotent element is 

denoting an element of a set which unchanged in value 

when multiplied or otherwise operated on by itself. An 

element X of a ring R is called nilpotent becoming zero 

when raised to some positive integral power. If there 

exists some positive integer n. such that 𝑋𝑛 = 0 .We 
talked about the topic is uses of tripotent and idempotent 

in propositions. 

  

REFERENCE 
 

[1] I.N. Herstein, Topics in algebra, 2𝑛𝑑 Edition. Wiley. 
1975 

[2] D.S. Dummit and R.M. Foote. Abstract Algebra. 

Wiley 2003. 

[3] M.Artin, Algebra, Prentice Hall of India, 1991. 

[4] J.A. Gallian. Contemporary Abstract Algebra. 4𝑛𝑑 

Edition. Narosa Publishing 2011. 

[5] P.B. Battacharya, S.K. Jain, and S.R. Nagpaul, Basic 

Abstract Algebra (2𝑛𝑑 

[6] Edition) Cambridge University Press, 1997. (Indian 

Edition). 
[7] I.S. Luther and I.B.S. Passi , Algebra , Vol.I- Groups 

(1996), Vol. II Rings, Narosa Publishing House, New 

Delhi, 1996. 

[8] L. Smith, Linear transformation: Example and 

Applications. In: Linear Algebra, Undergraduate 

texts in Mathematics, Springer, New York. NY, 

1998. 


