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Abstract- We show that if a sequence of dense graphs Gn has the property that for every fixed graph F , the density of copies of F in 

Gn tends to a limit, then there is a natural “limit object,” namely a symmetric measurable function 𝑊 = [0,1]
2
 → [0,1] . This 

limit object determines all the limits of subgraph densities. We discuss about weighted graphs and homomorphisms. We 

restrict our attention to positive real weights between 0 and 1. An edge with weight 0 will play the same roles as no edge between 

those nodes, so we could assume that we only consider weighted graph is obtained by replacing the 1’s in the adjacency matrix by the 

weights of the edges. We consider graph sequence we need not assume that the number of nodes tends to infinity. We could always 

achieve this without changing the limit. We also characterize graph parameters that are obtained as limits of subgraph 

densities by the “reflection positivity” property, along the way we introduce W-random graphs and some simple properties and 

lemma. 
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I. INTRODUCTION 

 
Let Gn be a sequeTnce of simple graphs whose number of 

nodes tends to infinity. For every fixed simple graph F. 

The goal of this paper is to give characterizations of graph 

parameters in 𝑟. The limit is 0 for every simple graph F 

with at least one edge. One way to characterize members 

of is to define an appropriate limit object from which the 

values t (F) can be read off.  
 

The main result of this paper is to show that indeed there 

is a natural “limit object” in the form of a symmetric 

measurable function 𝑊: [0, 1]2 → [0, 1] (we call W 

symmetric if W(x, y) = W(y, x)). Conversely, every such 

function arises as the limit of an app. The limit object for 

random graphs of density p is the constant function p. 

 

Another characterization of graph parameters t(F) that are 

limits of homomorphism densities can be given by 

describing a complete system of inequalities between the 
values t (F) for different finite graphs F. One can give such 

a complete system in terms of the positive semi 

definiteness of a certain sequence of matrices which we 

call connection matrices. This property is related to 

reflection positivity in statistical mechanics. Every 

symmetric measurable function 𝑊: [0, 1]2 → [0, 1] gives 

rise to a rather general model of random graphs, which we 

call W -random.  

 

Their main role in this paper is that they provide a graph 
sequence that converges to W. We show that every 

random graph model satisfying some rather natural criteria 

can be obtained as a W - random graph for an appropriate 

W. 

II. IMPORTANT DEFINITIONS 

 
1. Dense Graph: 

A dense graph is a graph is a graph in which the number of 

edges is close to the maximal number of edges. The 

opposite a graph with only a few edges, is a spares graph. 

 

2. Weighted Graph: 

A weighted graph G is a graph with a weight αG(i) 

associated with each node and a weight βG (i, j) associated 
with each edge ij. (Here we allow that G has loops, but no 

multiple edges). 

 

III. HOMOMORPHISM 

 
Two unweighted graphs F and G, hom (F, G) denotes the 

number of homo-morphisms (adjacency preserving maps) 

from F to G. We extend this notion to the case when G is a 

weighted graph. 

 

Define the homomorphism function, 

 

ℎ𝑜𝑚(𝐹, 𝐺) = ∑𝜑:𝑉(𝐹)→𝑉(𝐺) 𝛼𝜑 ℎ𝑜𝑚𝜑(𝐹, 𝐺) 
 

And then homomorphism density, 

 

 
 

We can also think of t (F, G) as a homomorphism function 

after the node weights of G are scaledso that their sum is 

1. 
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IV. CONVERGENCE OF GRAPH 

SEQUENCES 

 
Let (Gn) be a sequence of weighted graphs. We say that 

this sequence is convergent, if the sequence (t (F, Gn)) has 

a limit as n → ∞ for every simple unweighted graph F. 

(Note that it would be enough to assume this for connected 

graphs F.) We say that the sequence converges to a finite 

weighted graph G if 

 

𝑡(𝐹, 𝐺𝑛) → ℎ𝑜𝑚(𝐹, 𝐺) 

 

for every simple graph F. A convergent graph sequence 

may not converge to any finite weighted graph; it will be 

our goal to construct appropriate limit objects for 

convergent graph sequenceswhich do not have a finite 

graph as a limit. 

 

A graph parameter is a function defined on simple graphs 

that is invariant under isomorphism. Every weighted graph 

G defines graph parameters hom (., G), inj (., G), t (., G) 

and t0(., G). 
 

Often we can restrict our attention to graph parameters f 

satisfying f (K1) = 1, which we call normalized. Of the 

four parameters above, t (., G) and t0(., G) are normalized. 

We say that a graph parameter f is multiplicative, if f 

(G1G2) = f (G1) f (G2), where G1G2 denotes the disjoint 

union of two graphs G1 and G2. The parameters hom (., 

G) and t (., G) are multiplicative. 

 

The same graph parameter hom (., G), defined by a 

weighted graph G, arises from infinitely many graphs. 
Replace a node i of G by two nodes i′ and i′′, whose 

weights are chosen so that α(i′) + α(i′′) = α(i); define the 

edge weights β (i′ j) = β(i′′j) = β(ij) for every node j; and 

keep all the other node weights and edge weights. The 

resulting weighted graph G′ will define the same graph 

parameter hom (., G′) = hom (., G). Repeating this 

operation we can create arbitrarily large weighted graphs 

defining the same graph parameter. 

 

V. REFLECTION POSITIVITY 
 

A k-labeled graph (k ≥ 0) is a finite graph in which k 

nodes are labeled by 1, 2, . . . k (the graph can have any 

number of unlabeled nodes). For two k-labeled graphs F1 

and F2, we define the graph F1F2 by taking their disjoint 

union, and then identifying nodes with the same label, and 

then cancelling the resulting multiplicities of edges. Hence 

for two 0-labeled graphs, F1F2 is justtheir disjoint union. 
 

Let f be any graph parameter defined on simple graphs. 

For every integer k ≥ 0, we define the connection matrix 

M (k, f) as follows. This is infinite matrix, whose rows and 

columns are indexed by (isomorphism types of) k-labeled 

graphs.  

The entry in the intersection of the row corresponding to 

F1 and the column corresponding to F2 is f (F1F2). We 
say that the parameter f is reflection positive, if M (k, f) is 

positive semi definite for every k ≥ 0. 

 

We’ll show that every convergent graph sequence has a 

limit object, which can be viewed as an infinite weighted 

graph on the points of the unit interval. To be more 

precise, for every symmetric measurable function W: [0, 

1]2 → [0, 1], we can define a graph parameter t (., W) by 

 

𝑡(𝐹, 𝑊) = ∫[0,1]𝐾 ∏𝑖𝑗∈𝐸(𝐹) 𝑊(𝑥𝑖, 𝑥𝑗)𝑑𝑥1 … 𝑑𝑥𝑘 

 
(Where F is a simple graph with V (F) = [k]). 

 

Let φ: V r → [0, 1] be a map defined on a subset V r ⊆ 

[k]. Similarly as in the case of homorphisms into finite 

graphs, we define tφ as follows. Let, say, V r = [kr] (1 ≤ kr 

≤ k), and xi = φ(i) (i = 1,...,kr). 

 

Define 𝑡𝜑(𝐹, 𝑊) = ∫[0,1]𝐾−𝐾′ ∏𝑖𝑗∈𝐸(𝐹) 𝑊(𝑥𝑖, 𝑥𝑗)𝑑𝑥𝑘′+1 

… 𝑑𝑥𝑘 
 

It is easy to see that for every weighted finite graph H, the 

simple graph parameter t (., H) is a special case. Indeed, 

define a function WH: [0, 1]2 → [0, 1] as follows. Let αi 

be the node weights of H. we may assume that ∑𝑖 𝛼𝑖 = 1. 

For (𝑥, 𝑦) ∈ [0,1]2. 

 

Let a and b determined by 

 
 

and let 

 

WH (x, y) = βab. 

 

The main result in this paper is the following. Recall that 

T denotes the set of graph parameters f that are limits of 
graph parameters t (., G); i.e., there is a convergent 

sequence of simple graphs Gn such that 

 

 
 

For every simple graph F. 

 

1. Lemma 1.1 

For every weighted graph G and unweighted simple graph 

F, we have  
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  We could also replace the hom function by ind function 

 

𝑖𝑛𝑑(𝐹, 𝐺) = ∑𝐹"⊃𝐹 𝑖𝑛𝑑(𝐹′, 𝐺) 

 

(Where F r ranges over all super graphs of F on the same 

set of nodes), and by inclusion– exclusion, 

 

𝑖𝑛𝑑(𝐹, 𝐺) = ∑𝐹′⊃𝐹(−1)|𝐸(𝐹′)\𝐸(𝐹)| 𝑖𝑛𝑗(𝐹′, 𝐺) 

 

Hence it follows that 

 
𝑡1(𝐹, 𝐺) = ∑𝐹′⊃𝐹(−1)|𝐸(𝐹′)\𝐸(𝐹)| 𝑖𝑛𝑗(𝐹′, 𝐺). 

 

It will be convenient to introduce the following operator: if 

f is any graph parameter, then f † isthe graph parameter 

defined by 

 

𝑡†(𝐹) = ∑ (−1)|𝐸(𝐹′)\𝐸(𝐹)| 𝑓(𝐹′) 

 

(There is a similar precise relation between the numbers of 

homomorphism and injective homomorphism’s as well, 

but we will not have to appeal to it.) 
 

Proof: 

We have trivially 

 

hom (F, G) ≥ inj (F, G), 

and so 

  
And so 

 
On the other hand, we have by the beginning of inclusion–
exclusion 

 

𝑖𝑛𝑗(𝐹, 𝐺) ≥ ℎ𝑜𝑚(𝐹, 𝐺) − ∑𝐹′ ℎ𝑜𝑚(𝐹′, 𝐺) 

 

Where the summation ranges over all graphs 𝐹′ arising 

from F by identifying two of the nodes. 

 

The number of such graph is K/2. 

 

Hence 
 

  
 

Hence the proof. 

 

2. Theorem 1.1 

Let F be a graph with k nodes. Then for every 0 < 𝜀 < 1, 
 

 
 

Proof: 

The idea of the proof is to form a rectangle as follows. In 

the 𝑚𝑡ℎ step (𝑚 = 1, … , 𝑛), we generate 𝑋𝑚 ∈ [0,1], and 

the edges of G connecting the new node to previously 

generated nodes. 

 

The probability that a random injection of V (F) into V (G) 

is a homomorphism (conditioning on the part of G we 
already generated) is a martingale. We are going to apply 

Azuma’s inequality to this martingale. 

 

To be precise: For every injective map 𝜑: [𝑘] → [𝑚], Let 

𝐴𝜑 denote the event that 𝜑 is a homomorphism from F to 

the random graphs G. Let 𝐺𝑚 denote the subgraph of G 

induced by nodes 1,…,m. 

 

  
 

Clearly the sequence (𝐵0, 𝐵1 … ) is a martingale.  
 

Furthermore, 

𝑃𝑟(𝐴𝜑) = 𝑡(𝐹, 𝑊), 

And 

 

 
 

Thus 

 

𝐵0 = ∑𝜑 𝑃𝑟(𝐴𝜑) = 𝑡(𝐹, 𝑊) 

And 

 
 

Next, we estimate |𝐵𝑚 − 𝐵𝑚−1| 
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In this sum, every term for which m is not in the range of 

Φ is 0, and the other terms are at most 1. The number of 

terms of the latter kind is 𝑘(𝑛 − 1)𝑘−1, and so 

  
Thus we can invoke Azuma’s inequality: 

 
  

Hence proved. 

 

IV. CONCLUSION 

 
In this paper we conclude that the limit object determines 

all the limits of subgraph densities we restrict to positive 

real weights between 0 and 1. We conclude that we can 
achieve to determine without changing the limit. We 

extended homomorphism in graphs. 

 

REFERENCES 
 

[1] Alon.N, Yuster.R Almost H- factors in dense graph, 

Graphs combine. 8(1992) 95-102. 
[2] Benjamini.I, Schramm.O, Recurrence of distributional 

limits of finite planar graphs, Electron.J Probab. 

6(2001) 1-13. 

[3] Chung.F, Graham.R.L, Wilson.R.M, Quasi- random 

graphs, combinatorica 9 (1989) 301-312. 

[4] Hong Wang, three independent cycles of graphs to 

appear.  

[5] Lovasz .L, SOS .V.T, generalized quasi randam 

graphs, manuscript. 

[6] Lovasz .L, Operation with structures, Acta Math. 

Hung. 18 (1967) 321-328. 
[7] Lyons .R, Asymptotic enumeration of spanning trees, 

Combin. Probab Compute .14(2005) 491-522. 

[8] Thomason A, Pseudorandom graphs, in: Random 

Graphs 85, in: North – Holland Math. Stud., Vol. 

144, North – Holland, Amsterdam, 1987, pp. 307-

331. 

 

 


