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Abstract-In this paper, we modified Kutta’s Formula for solving initial value problems (IVPs) in Ordinary Differential 

Equation to a geometric Mean other than the conventional Arithmetic mean. Due to the vital role played by the method in the 

field of computation and applied science/engineering, we simplify and further reduce the complexity of its derivation and 

analysis by exploring some possibly well-know works and proposed a step by step derivation of the method. The new 

Algorithm was further implemented and compared with other existing methods, and the results indicated that the new method 

is of high degree of accuracy in comparison with  other existing methods, this shows that the new method can be use to solve 

real life problem, that can possibly be reduced to first order ordinary differential equations. Errors involved in the new 

method and other existing methods, were plotted with MATLAB to obtain their trajectories. We called this formula OCB4 

method. 
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I.INTRODUCTION 
 

Many problems in science and engineering when 

formulated mathematically are readily expressed in terms 

of linear or non linear ordinary differential equations with 

appropriate initial or boundary conditions [10]. For 

example the trajectory of a ballistic missile, the motion of 
an artificial satellite in its orbit and many others, can be 

governed by ordinary differential equations. In addition, 

theories concerning electrical networking, bending of 

beams, stability of aircraft etc., are modeled by 

differential equations.  Unfortunately, many of these 

differential equations cannot be solved by analytical 

techniques. This is why numerical treatment is very 

important and provides a powerful alternative tool for 

solving the differential equations [1].  

 

Among the existing numerical methods, Runge-kutta 
method is widely used computationally because of its 

efficiency in terms of accuracy. There exist several 

version of Runge-Kutta methods, namely second order 

Runge-Kutta , fourth order and so on. The classical fourth 

order Runge-Kutta method can be expressed as 

Arithmetic Mean (AM) based approach. In the last few 

years, there has been a growing interest in problem 

solving system based on the Runge-Kutta method. Several 

methods have been developed using the idea of different 

means such as centroidal mean, harmonic mean, contra-

harmonic mean, heronian mean and geometric mean, but 
our interest will be on Geometric mean. According to [3], 

revealed that, these different approaches performed better 

than the usual Arithmetic Mean based approach in many 
cases and compare favorably well. [5] presented a 

4thorder Runge-Kutta method using the Geometric mean 

based, [3] proposed a new 4th order hybride Runge-Kutta 

method based on Geometric Mean, [2] propose a third 

order Rung-Kutta method based on linear combination of 

Arithmetic mean, harmonic mean and Geometric Mean, 

[8] developed fourth stage Harmonic Explicit Runge-

Kutta method. [9] developed a new third order Runge-

Kutta based on contraharmonic mean for stiff problems. It 

is pertinent to mention that no effort, so far, has been 

made to modify Kutta’s algorithm based on Geometric 
Mean. Keeping this in view, a modest effort has been 

made in the present paper to develop such a new efficient 

numerical algorithm which is, for the first time added to 

the literature. It is observed that the presently developed 

method has also been found to be more suitable one for 

the solution of the initial value problem of the type: 

 

𝑦 ′ = 𝑓 𝑥, 𝑦 , 𝑦 𝑥0 = 𝑦0 , 𝑥 ∈  𝑎, 𝑏  ------------(1) 

 

Where gradient function f(x,y) may have points of 

discontinuities and the specific objectives are to; 

 Modify Kutta’s formula to Geometric Mean other than 

the usual Arithmetic Mean for solving initial value 

problem. 

 implement and compare the performance  of the new 

method with existing methods using some tested initial 

value problems; 

 draw the error trajectories, through the help of 

MATLAB software.  
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For the purpose of clarity, the following definitions are 

necessary.  
 

1. Definition of terms 

In this paper, we present the following definitions for 

better understanding.  Consider the general one-step 

explicit Runge-Kutta method given by: 

 

𝑦𝑛+1 − 𝑦𝑛 = ℎ𝜙 𝑥𝑛 , 𝑦𝑛 , ℎ  ------------------(2) 

 

[10] gives the following definitions;  

 

Definition 1: Order of differential equation: The general 
one-step method (1) is said to be of order P, if P is the 

largest integer for   which  

 

𝑦 𝑥 + ℎ − 𝑦 𝑥 − ℎ𝜙 𝑥, 𝑦 𝑥 , ℎ = 𝑜 ℎ𝑝+1  -------(3) 

 

holds, where y(x) is the theoretical solution of the initial 

value problem 

 

Definition 2: Local Truncation Error: The local 

truncation error at 𝑥𝑛+1of the general explicit one-step 

method in (2) defined as𝑇𝑛+1,where  
 

𝑇𝑛+1 = 𝑦 𝑥𝑛+1 − 𝑦 𝑥 − ℎ𝜙 𝑥, 𝑦 𝑥 , ℎ  -----(4) 

 

And y(x) is the theoretical solution of the initial value 

problem. This paper has the following structure: Section 2 

presents derivation of OCB4 method. Section 3, presents 

the implementation in comparison with existing methods 

with tested examples, numerical results are presented in 

tables by way of comparison. Section 4 presents, the Error 

trajectory of the methods. Finally, section 5 presents the 
summary and conclusion. 

 

II. DERIVATION OF OCB4 METHOD 
 

The OCB4 method is derived from the existing 4th order 

Kutta’s method which is based on the conventional 

Arithmetic mean. The general S- stage Runge-Kutta 
method for solving an IVP is given in equation (1) 

defined from the well-known numerical integrator as: 

 

𝑦𝑛+1 = 𝑦𝑛 + ℎ𝜙 𝑥𝑛 , 𝑦𝑛 , ℎ  
Where  

𝜙 𝑥𝑛 , 𝑦𝑛 , ℎ =  𝑏𝑖𝑘𝑖

𝑠

𝑖=1

 

With 

𝑘𝑖 = 𝑓 𝑥𝑛 + 𝑐𝑖ℎ, 𝑦𝑛 + 𝑎𝑖𝑗 𝑘𝑗

𝑖−1

𝑗=1

 −−− − 5  

𝑐𝑖 =  𝑎𝑖𝑗

𝑖−𝑗

𝑗=1

          𝑎𝑛𝑑 𝑐𝑖 ∈  0,1  

𝑘1 = 𝑓 𝑥𝑛𝑦𝑛 -----------------(5a)                                                                                                                         

𝑘2 = 𝑓 𝑥𝑛 + ℎ𝑐2 , 𝑦𝑛 + 𝑎21𝑘1 --------------(5b)                                                                                                     

𝑘3 = 𝑓 𝑥𝑛 + ℎ𝑐3 , 𝑦𝑛 + ℎ(𝑎31𝑘1 + 𝑎32𝑘2 --------(5c)                                                                                  

𝑘4 = 𝑓 𝑥𝑛 + ℎ𝑐4 , 𝑦𝑛 + ℎ(𝑎41𝑘1 + 𝑎42𝑘2 + 𝑎43𝑘3 ---(5d)                                                                    

 

 

For the purpose of linearity, the above parameters will be 

modified as follows: 

𝑎21 = 𝑎1 ,   𝑎31 = 𝑎2 ,   𝑎32 = 𝑎3 ,   𝑎41 = 𝑎4 ,   𝑎42

= 𝑎5 ,   𝑎43 = 𝑎6 
 
Substituting we have; 

𝑘1 = 𝑓 𝑦𝑛  -----------(6a) 

𝑘2 = 𝑓 𝑦𝑛 + ℎ 𝑎1𝑘1   ---------------(6b) 

𝑘3 = 𝑓 𝑦𝑛 + ℎ 𝑎2𝑘1 + 𝑎3𝑘2  -------------(6c) 

𝑘4 = 𝑓 𝑦𝑛 + ℎ 𝑎4𝑘1 + 𝑎5𝑘2 + 𝑎6𝑘3  ------------(6d) 

 
Adopting Taylor series expansion about the point (yn) of 

equation (6a) to (6d) we have: 

 
 

----------(7) 

 

According to [10] the fourth order Kutta’s method for 

solving IVP of equation (1) is given by: 

𝑦𝑛+1 = 𝑦𝑛 +
ℎ

8
 𝑘1 + 3𝑘2 + 3𝑘3 + 𝑘4 -------(8)                                                                               

Where  

𝑘1 = 𝑓 𝑦𝑛    -----------------(8a)                                                                                                                       

𝑘2 = 𝑓  𝑦𝑛 +
1

3
ℎ𝑘1     ------------------(8b) 

𝑘3 = 𝑓  𝑦𝑛 −
1

3
ℎ𝑘1 + ℎ𝑘2 -------------------(8c) 

𝑘4 = 𝑓 𝑦𝑛 + ℎ𝑘1 − ℎ𝑘2 + ℎ𝑘3 -------------------- (8d) 

 
The main arm is to modify the Kutta’s method to have a 

geometric progression. Recall the process of arithmetic 

mean of arbitrary numbers p, q, r with their common 

difference of progression as 𝑞 − 𝑝 = 𝑟 − 𝑞 then 𝑞 =
𝑟+𝑝

2
 

From this claim, it implies that equation (8) can be written 
as 

𝑦𝑛+1 = 𝑦𝑛 +
ℎ

4
 
𝑘1+𝑘2

2
+

𝑘2+𝑘2

2
+

𝑘3+𝑘3

2
+

𝑘3+𝑘4

2
 -------(9) 

 

Equation (9) is known as Kutta’s method based on 

arithmetic mean. Using the same approach, if the three 

arbitrary numbers 𝑝, 𝑞, 𝑟 are in a geometric progression, 𝑞 

been the geometric mean of “𝑝”, ”𝑟” , their common ratio 

is  
𝑞

𝑝
=

𝑟

𝑞
⇒ 𝑞 =  𝑝𝑟    or p =  𝑞𝑟  or r =  𝑝𝑞 with this 
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analogy equation (9) can be modified into a geometric 

mean as; 
 

𝑦𝑛+1 − 𝑦𝑛 =
ℎ

4
  𝑘1𝑘2 + 𝑘2𝑘2 + 𝑘3𝑘3 + 𝑘3𝑘4  -----

-------------(10a) 

⇒ 𝑦𝑛+1 − 𝑦𝑛 =
ℎ

4
  𝑘1𝑘2 + 𝑘2 + 𝑘3 +  𝑘3𝑘4 ------------

--------------(10b) 

with 𝑘1 , 𝑘2 , 𝑘3𝑎𝑛𝑑 𝑘4 defined as in (6a) to (6d) 

respectively. 

 

This means that equation (1) can be redefined by setting: 

 𝑘1𝑘2 = f (1+x)
1

2 -----------------(11a) 

 

𝑘1𝑘2 = 𝑓2 1 + 𝑥 ------------(11b) 
 

From (11b) we have that; 

 

𝑥 =  
𝑘1𝑘2

𝑓2 − 1 -------------(12) 

 

To evaluate the RHS of (10b), we apply a binomial 

expansion technique with fractional index 

 

 1 + 𝑥 
1

2 =  1+
1

2
𝑥 −

1

8
𝑥2 +

1

16
𝑥3 +⋯ -----------(13) 

 

Substituting equation (12) into (13) we have; 

 𝑘1𝑘2 = 1+
1

2
 
𝑘1𝑘2

𝑓2 − 1 −
1

8
 
𝑘1𝑘2

𝑓2 − 1 
2

+
1

16
 
𝑘1𝑘2

𝑓2 −

13+… ---------------------(14) 

 

Simplifying equation (14) we obtain; 

 

 𝑘1𝑘2 = 
5

16
+

15

16𝑓2 𝑘1𝑘2 −
5

16𝑓4 𝑘1
2𝑘2

2 +
1

16𝑓6 𝑘1
3𝑘2    

3 ---(15) 

 

Next we obtain the Taylor expansion of equation (7) as;  

𝑘1 = 𝑓----------(16) 

𝑘2 = 𝑘1 + ℎ𝑎1𝑘1𝑓𝑦 +
1

2
ℎ2𝑎1

2𝑘1
2𝑓𝑦𝑦 +

1

6
ℎ3𝑎1

3𝑘1
3𝑓𝑦𝑦𝑦 --(17)  

𝑘1𝑘2 = 𝑘1
2 + ℎ𝑎1𝑘1

2𝑓𝑦 +
1

2
ℎ2𝑎1

2𝑘1
3𝑓𝑦𝑦 +

1

6
ℎ3𝑎1

3𝑘1
4𝑓𝑦𝑦𝑦 -----

--------(18) 

 

𝑘1
2𝑘2

2 = 𝑘1
4 + 2𝑘1

4ℎ𝑎1𝑓𝑦 + ℎ2𝑎1
2𝑓𝑦𝑘1

4 + ℎ2𝑎1
2𝑓𝑦𝑦𝑘1

5 +

𝑘1
5ℎ3𝑎1

3𝑓𝑦𝑓𝑦𝑦 +
1

3
𝑘1

6ℎ3𝑎1
3𝑓𝑦𝑦𝑦 -----------------(19) 

𝑘1
2𝑘2

3 =  𝑘1
6 + 3𝑘1

6ℎ𝑎1𝑓𝑦 +
3

2
𝑘1

7ℎ2𝑎1
2𝑓𝑦𝑦 + 3𝑘1

6ℎ2𝑎1
2𝑓𝑦

2 +

3𝑘1
7ℎ3𝑎1

3𝑓𝑦𝑓𝑦𝑦 + 𝑘1
6ℎ3𝑎1

3𝑓𝑦
3 +

1

2
𝑘1

8ℎ3𝑎1
3𝑓𝑦𝑦𝑦 ----------(20) 

 

Substituting (18) to (20) into (15) and simplifying we 

have; 

 𝑘1𝑘2 =  1 +
1

2
ℎ𝑎1𝑓𝑦 +

1

4
ℎ2𝑎1

2𝑘1𝑓𝑦𝑦 +
1

12
ℎ3𝑎1

3𝑘1
2𝑓𝑦𝑦 −

1

8
ℎ2𝑎1

2𝑓𝑦
2 −

1

8
𝑘1ℎ

3𝑎1
3𝑓𝑦𝑓𝑦𝑦 +

1

16
ℎ3𝑎1

3𝑓𝑦
3-----------(21) 

 

Similarly, we obtain  

 𝑘2𝑘2 = 𝑘2 = 1 + ℎ𝑎1𝑘1𝑓𝑦 +
1

2
ℎ2𝑎1

2𝑘1𝑓𝑦𝑦 +
1

6
ℎ3𝑎1

3𝑘1
2𝑓𝑦𝑦 ------------------------(22) 

 

 𝑘3𝑘3 = 𝑘3 = 1 + 𝑘1𝑐3𝑓𝑦ℎ +
1

2
ℎ2𝑘1

2𝑐3
2𝑓𝑦𝑦

+ ℎ2𝑎3𝑎1𝑘1𝑓𝑦
2

+
1

2
ℎ3𝑎3𝑎1𝑘1

2 𝑎1 + 2𝑐3 𝑓𝑦𝑦𝑓𝑦

+                             
1

6
ℎ3𝑘1

3𝑐3
3𝑓𝑦𝑦𝑦 −−

−−− (23) 
Finally, we expand 

 𝑘3𝑘4 = 1+
1

2
 
𝑘3𝑘4

𝑓2 − 1 −
1

8
 
𝑘3𝑘4

𝑓2 − 1 
2

+
1

16
 
𝑘3𝑘4

𝑓2 −

13+…----------------(24) 

 

 𝑘3𝑘4 = 
5

16
+

15

16𝑓2 𝑘3𝑘4 −
5

16𝑓4 𝑘3
2𝑘4

2 +
1

16𝑓6 𝑘3
3𝑘4

3----(25) 

 
In a similar way we search for the Taylor expansion of 

equation (7) in other to obtain𝑘4 , 𝑘3𝑘4, 𝑘3
2𝑘4

2and  𝑘3
3𝑘4

3 

which was obtain as; 

 

𝑘4 = 1 + 𝑘1𝑐4𝑓𝑦ℎ +  ℎ2𝑘1 𝑎1𝑎5 + 𝑎6𝑐3 𝑓𝑦
2 +

1

2
ℎ2𝑘1

2𝑐4
2𝑓𝑦𝑦 + ℎ3𝑎6𝑎3𝑎1𝑘1𝑓𝑦

3 +
1

2
ℎ3𝑘1

2𝑘1 𝑎1
2𝑎5 +

           
2𝑎1𝑎5𝑐4+𝑎6𝑐32+2𝑎6𝑐3𝑐4𝑓𝑦𝑦𝑓𝑦+16ℎ3𝑘13𝑐43𝑓𝑦𝑦𝑦-

---------------(26) 
 

𝑘3𝑘4 = 1 +
1

2
𝑓𝑦 𝑐3 + 𝑐4 ℎ +

1

8
𝑓𝑦

3 4𝑎1𝑎3 + 4𝑎1𝑎5 +

4𝑎6𝑐3−𝑐32+2𝑐3𝑐4−𝑐42ℎ2+14𝑓𝑦𝑦𝑘1𝑐32+𝑐42ℎ2+11
6ℎ38𝑎1𝑎3𝑎6−4𝑎1𝑎3𝑐3+4𝑎1𝑎3𝑐4+4𝑎1𝑎5𝑐3−4𝑎1𝑎5𝑐
4+4𝑎6𝑐32−4𝑎6𝑐3𝑐4+𝑐32−𝑐32𝑐4+𝑐42𝑓𝑦3+18ℎ3𝑘12
𝑎12𝑎3+2𝑎12𝑎5+4𝑎1𝑎3𝑐3+4𝑎1𝑎5𝑐4+2𝑎6𝑐32+4𝑎6𝑐3
𝑐4−𝑐32+𝑐32𝑐4+𝑐3𝑐42−𝑐43𝑓𝑦𝑦𝑓𝑦+112ℎ3𝑘12𝑐3+𝑐4
𝑐32−𝑐32𝑐4+𝑐42𝑓𝑦𝑦𝑦------------------(27) 

 

𝑘3
2𝑘4

2 = 𝑘1
4 + 𝑓𝑦𝑘1

4 𝑐3 + 𝑐4 ℎ

+ ℎ2𝑘1
4 2𝑎1𝑎3 + 2𝑎1𝑎5 + 2𝑎6𝑐3 − 𝑐3

2

+ 4𝑐3𝑐4 − 𝑐4
2 𝑓𝑦

2 + 𝑘1
4ℎ2 𝑐3

2 + 𝑐4
2 𝑓𝑦𝑦

+ 2ℎ3𝑘1
4 𝑎1𝑎3𝑎6 + 𝑎1𝑎3𝑐3 + 2𝑎1𝑎3𝑐4

+ 2𝑎1𝑎5𝑐3 + 𝑎1𝑎5𝑐4 + 2𝑎6𝑐3
2 + 𝑎6𝑐3𝑐4

+ 𝑐3
2𝑐4 + 𝑐3𝑐4

2 𝑓𝑦
3

+ ℎ3𝑘1
5 𝑎1

2𝑎3 + 𝑎1
2𝑎5 + 2𝑎1𝑎3𝑐3

+ 2𝑎1𝑎5𝑐4 + 𝑎6𝑐3
2 + 2𝑎6𝑐3𝑐4 + 𝑐3

2

+ 2𝑐3
2𝑐4 + 2𝑐3𝑐4

2 + 𝑐4
3 𝑓𝑦𝑦𝑓𝑦

+
1

3
𝑘1

6ℎ3 𝑐3 + 𝑐4  𝑐3
2 − 𝑐3𝑐4 + 𝑐4

2 𝑓𝑦𝑦𝑦

−−− −− −(28) 
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𝑘3
3𝑘4

3 = 𝑘1
6 + 3𝑓𝑦𝑘1

6 𝑐3 + 𝑐4 ℎ

+ 3ℎ2𝑘1
6 𝑎1𝑎3 + 𝑎1𝑎5 + 𝑎6𝑐3 + 𝑐3

2

+ 3𝑐3𝑐4 + 𝑐4
2 𝑓𝑦

2 +
3

2
𝑘1

7ℎ2 𝑐3
2 + 𝑐4

2 𝑓𝑦𝑦

+ ℎ3𝑘1
6 3𝑎1𝑎3𝑎6 + 6𝑎1𝑎3𝑐3

+ 9𝑎1𝑎3𝑐4 + 9𝑎1𝑎5𝑐3 + 6𝑎1𝑎5𝑐4

+  9𝑎5𝑐3 + 9𝑎6𝑐3
2 + 6𝑎6𝑐3𝑐4 + 𝑐3

2

+ 9𝑐3
2𝑐4 + 9𝑐3𝑐4

2 + 𝑐4
3 𝑓𝑦

3

+
3

2
ℎ3𝑘1

7 𝑎1
2𝑎3 + 𝑎1

2𝑎5 + 2𝑎1𝑎3𝑐3

+ 2𝑎1𝑎5𝑐4 + 𝑎6𝑐3
2 + 2𝑎6𝑐3𝑐4 + 2𝑐3

2

+ 3𝑐3
2𝑐4 + 2𝑐4

3 𝑓𝑦𝑦 𝑓𝑦

+
1

2
𝑘1

8ℎ3 𝑐3 + 𝑐4  𝑐3
2 − 𝑐3𝑐4 + 𝑐4

2 𝑓𝑦𝑦𝑦

−−− −− (29) 

Substituting (27) to (29) into (25) and collecting like-

terms we obtain; 

 𝑘3𝑘4 = 1 +
1

2
𝑓𝑦 𝑐3 + 𝑐4 ℎ

+
1

8
𝑓𝑦

2 4𝑎1𝑎3 + 4𝑎1𝑎5 + 4𝑎6𝑐3 − 𝑐3
2

+ 2𝑐3𝑐4 − 𝑐4
2 ℎ2 +

1

4
𝑓𝑦𝑦𝑘1 𝑐3

2 + 𝑐4
2 ℎ2

+
1

16
ℎ3 8𝑎1𝑎3𝑎6 − 4𝑎1𝑎3𝑐3

+ 4𝑎1𝑎3𝑐4 + 4𝑎1𝑎5𝑐3 − 4𝑎1𝑎5𝑐4

+ 4𝑎6𝑐3
2 − 4𝑎6𝑐3𝑐4 + 𝑐3

2 − 𝑐3
2𝑐4 − 𝑐3𝑐4

2

+ 𝑐4
3 𝑓𝑦

3

+
1

8
ℎ3𝑘1 2𝑎1

2𝑎3 + 2𝑎1
2𝑎5 + 4𝑎1𝑎3𝑐3

+ 4𝑎1𝑎5𝑐4 + 2𝑎6𝑐3
2 + 4𝑎6𝑐3𝑐4 − 𝑐3

2

+ 𝑐3
2𝑐4 + 𝑐3𝑐4

2 − 𝑐4
3 𝑓𝑦𝑦𝑓𝑦

+
1

12
ℎ3𝑘1

2 𝑐3 + 𝑐4  𝑐3
2 − 𝑐3𝑐4

+ 𝑐4
2 𝑓𝑦𝑦𝑦 − −− −−− − (30) 

 

Substituting (21), (22), (23) and (30) into (10b) and 

simplifying we have; 

 

 
 

Finally, we compared equation (31) with Taylor series 

expansion of order four given by: 

𝑦𝑛+1 − 𝑦𝑛 = ℎ𝑘1 +
1

2
ℎ2𝑘1𝑓𝑦 +

1

6
ℎ3 𝑘1𝑓𝑦

2 + 𝑘1
2𝑓𝑦𝑦  

+
1

24
ℎ4 𝑘1𝑓𝑦

3 + 4𝑘1
2𝑓𝑦𝑓𝑦𝑦 + 𝑘1

3𝑓𝑦𝑦𝑦  
  

 to arrive at the following set of parametric equations; 

3𝑎1 + 3𝑐3 + 𝑐4 = 4------------------(32) 

 

−𝑎1
2 + 12𝑎1𝑎3 + 4𝑎1𝑎5 + 4𝑎6𝑐3 − 𝑐3

2 + 2𝑐3𝑐4 − 𝑐4
2 =

16

3
-------------------------(33) 

3𝑎1
2 + 3𝑐3

2 + 𝑐4
2 =

8

3
-----------------------(34) 

𝑎1
3 + 8𝑎1𝑎3𝑎6 − 4𝑎1𝑎3𝑐3 + 4𝑎1𝑎3𝑐4 + 4𝑎1𝑎5𝑐3 −

4𝑎1𝑎5𝑐4 + 4𝑎6𝑐3
2 − 4𝑎6𝑐3𝑐4 + 𝑐3

2 − 𝑐3
2𝑐4 − 𝑐3𝑐4

2 + 𝑐4
3 =

8

3
-------------(35) 

 

−𝑎1
3 + 6𝑎1

2𝑎3 + 2𝑎1
2𝑎5 + 12𝑎1𝑎3𝑐3 + 4𝑎1𝑎5𝑐4 +

2𝑎6𝑐3
2 + 4𝑎6𝑐3𝑐4 − 𝑐3

2 + 𝑐3
2𝑐4 + 𝑐3𝑐4

2 − 𝑐4
3 =

16

3
---(36) 

 

3𝑎1
3+ 3𝑐3

3 + 𝑐4
3 = 2 ---------------(37) 

 

For ease computation and convenience, we set: 

 

𝑐3 =
2

3
,    𝑐4 = 1,   𝑎1 =

1

3
 

 

Solving the above equations with maple-18 package we 

obtain the values of 𝑎2 , 𝑎3 , 𝑎4 , 𝑎5 , and 𝑎6 as follows. 

𝑎2 = −
509

1500
,     𝑎3 =

503

500
,     𝑎4 =

3931

5000
,    𝑎5

= −
721

1000
, 𝑎6 =

2337

2500
 

 

Substituting these values of 'i sa into equation (10b) with 

'i sk defined in (6a) to (6d) we have the required formula 

given by; 

 

𝑦𝑛+1 − 𝑦𝑛 =
ℎ

4
  𝑘1𝑘2 + 𝑘2 + 𝑘3 + 𝑘3𝑘4 ---------(38) 

 

With  

𝑘1 = 𝑓 𝑦𝑛  -------------(38a) 

𝑘2 = 𝑓  𝑦𝑛 + ℎ  
1

3
𝑘1  ---------------(38b) 

𝑘3 = 𝑓  𝑦𝑛 + ℎ  −
509

1500
𝑘1 +

503

500
𝑘2  ---------(38c)

 
 

𝑘4 = 𝑓  𝑦𝑛 + ℎ  
3931

5000
𝑘1 −

721

1000
𝑘2 +

2337

2500
𝑘3  ------(38d) 

 

The Butcher’s table [1] will be: 

 



 

 

© 2020 IJSRET 
3053 

International Journal of Scientific Research & Engineering Trends                                                                                                         
Volume 6, Issue 5, Sept-Oct-2020, ISSN (Online): 2395-566X 

 

 

 
 

III. IMPLEMENTATION OF OCB4 

METHOD 
 

In this section, the efficiency and suitability of the OCB4 

method is illustrated. The result are compared with other 

related methods in literature such as Kutta’s method based 

on Arithmetic mean denoted as (KMAM), Runge-Kutta 

method based on Geometric mean written as (RKMGM) 

and the proposed method based on Geometric mean 

which is denoted as (OCB4).The numerical solutions to 

these initial values were generated by a well thought out 

MATLAB package. 

Problem 1. 𝑦’ =
1

𝑦
;     y 0 = 1,     0 ≤ 𝑥 ≤

1 with theoretical solution y 𝑥 =  2𝑥 + 1, ℎ =
0.1 2  
 

Problem2.𝑦’ = 𝑦2;     y 0 = 1,     0 ≤ 𝑥 ≤

1 with theoretical solution y 𝑥 = -
1

𝑥−1
, ℎ =

0.1 [5] 

Problem 3. 𝑦 ′ = 3𝑥 + 𝑦;    𝑦 0 = 1, 0 ≤ 𝑥 ≤ 1 

with theoretical solution 𝑦 𝑥 =  −3𝑥 − 3 +
4𝑒𝑥 ,   ℎ = 0.1 

 

The numerical results are presented below; 
 

Table 1 Numerical Result for problem 1. 

 
 

From the numerical result for problem 1, it is very clear 

that OCB4 method shows superiority over the Kutta’s 
method based on Arithmetic Mean. It can be shown that 

the OCB4 method competes favorably with other existing 

methods in terms of accuracy. 

 

Table 2 Numerical Result for problem 2. 

 
 

From the numerical results for problem 2, above, it can be 

shown that the OCB4 method competes favorably well 
with other existing methods in terms of accuracy. 

 

Table 3 Numerical Result for problem 3. 

 
 

Finally, from the above numerical result for problem 3, 

OCB4 method clearly shows superiority over the Kutta’s 

method based on Arithmetic mean, it can be shown that 
the OCB4 method competes favorably with other existing 

methods in terms of accuracy 

 

IV. ERROR ANALYSIS OF OCB4 
 

In this section, we present the error trajectories of the 
OCB4 with other existing methods. Below are the plots 

that show the error analysis for problem 1, problem 2 and 

problem 3. 
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PLOT 1: Shows The Error Analysis Of Problem 1 

From Plot 1 above, it is very clear that the propose OCB4 

method performs better in terms of accuracy than Kutta’s 
method based on the Arithmetic Mean.  

 

 
 

PLOT 2: Shows The Error Analysis Of Problem 2 

From Plot 2, above, it can be shown that the OCB4 
method competes favorably with other existing methods 

in terms of accuracy. 

 

 
 
 

PLOT 3: Shows The Error Analysis Of Problem 3 

Finally, from plot 3, OCB4 clear shows superiority over 
the Kutta’s method based on Arithmetic mean, it can be 

shown that the OCB4 competes favorably with other 

existing methods in terms of accuracy. 

 

V.  SUMARRY AND CONCLUSION 
 

In this paper, the derivation of a new fourth order Kutta’s 
formula based on Geometric Mean has been successfully 

carried out. Several practically applicable problems have 

been considered to test the suitability, adoptability and 

accuracy of the OCB4 method. To achieve this, three test 

problems were consider and the results indicated that the 

OCB4 method is of high degree of accuracy in 

comparison with  other existing methods, this shows that 

the OCB4 method can be use to solve real life problem, 

that can possibly be reduced to first order ordinary 

differential equations. Furthermore, this method was seen 

to be effective in solving linear and non-stiff problems, as 
can be seen from the given problems above. We will 

consider in the next publication the consistency and 

convergence level of the OCB4 method as well as the 

stability. 
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