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Abstract — Smoothed Particle Hydrodynamics (SPH) is a Lagrangian meshless method that simulates flow as a set of fluid

separation in motion. The forces acting on each particle are available using a spatial filter process. This filter plays an

important role in the method. In this study, an analysis of this filter is made in a set confined to the low Reynolds number. The

analyzed cases are an analytical equation and situations with Re = 1 and Re = 100 in a cavity. The results found numerically

were satisfactory.
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I. INTRODUCTION

The SPH was created by Monagham [1] to simulate the
dynamics of galaxies. Currently, it is used to simulate
different physical cases such as fluid dynamics [2], [3],
non-Newtonian fluid flows [4], multiphase flows [5],
large deformation [6], granular material [7], explosions
[8], and others.

The fluid dynamics equations are modelled by the SPH as
discrete particles. These particles interact with their
surroundings ones through hydrodynamic forces. These
forces are analysed using a spatial average, which is the
core of the model. The SPH is a model without mesh and
therefore has an adaptive feature. Knowing the properties
of the neighboring particle, one finds the state of the
particle in question, such as velocity, pressure, density,
etc.

With these characteristics, the model is appropriate to
analyse flows with moving borders and free surface [8].
One of the difficulties that the method has is the
determination of neighboring particles, since they move at
each step of time, making it necessary to search for the
next particle at each iteration. When working with
incompressible flows, an additional problem is the
determination of the pressure field, since the model was
designed for an explicit approach, so for the calculation of
pressure, the use of a state equation is necessary.

The model uses several parameters that are studied by the
academic community, such as formulations for the
equations of state [9], [2] and [10]. The kernel variation is
done by [11].

The focus of this study is to use SPH for confined flows
with low Reynolds number. Computer code was written
in C++ and Stokes flow for Re = 1 is initially analysed

and also the case of the cavity with Re = 1 and Re = 100.
In both situations the results agree with the parameters
used for validation.

Il. EQUATIONS

In the Lagrangian form, the principle of conservation of
mass and moment can be expressed by eq. 1 and eq. 2

Dp Q)
— =5V

Dt o 1w

Du 1 1

= _PP+-T-t+F )
Dt P [}

where p is the density of the fluid, u the velocity field
(which is the velocity of the material particle), P the
pressure field, F an external force by unity of mass and is
the deviatoric part of the stress tensor of the fluid. The

nabla operator, V, have the conventional meaning and the

material derivative is defined by D/Dt=06/0t+u - V.

To determine the pressure field, Morris modeling is used,
accordingtoeq. 3

P=cp ?3)

where c is the sound velocity throughout the medium. For
the determination of ¢, we use the formulation of Liu [8],
given in eq. 4.
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where &% = Ap/p0, p0 is a reference density, U0 a

characteristic velocity, L a characteristic length and v the
viscosity. A condition that needs to be satisfied to ensure
incompressibility is that Ap/p0 < 0.03.

In the SPH the fluid is represented by a set of discrete
particles, where each particle has physical properties such
as pressure, mass, volume, density and speed. The only
parameter that does not vary is the mass of the particle.

All others change according to the time evolution and
these properties represent a spatial average about a certain
part of the domain. Considering a generic property o
(which can be scalar, vector or tensorial) the value of a
particle at a given position r is given by

alr) = [ e GFOW G — #)dr 5)

where W is an interpolation function, or kernel, that obeys
all the properties of a typical probability density function,
as explained in [12] and Q is the domain. This integration
is done only in a part of the domain, which defines the
neighborhood of the particle. In this paper, we use the
cubic spline kernel, defined by eq. 6,

2 (6)

where s = r/ h, h is the smoothed length and . The
integration in the equation (6) actually is approximated by
a summation over the discrete particles in the
neighbourhood of the particle. So, the eq. 5 reduces toe
eq. 7
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where b indicates that the summation is taken over the
neighbourhood of the particle, m is the mass and rab is the
distance between the particle a and the particle b.

The momentum equation in SPH method can be white as
eg. 8
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where W is the viscosity. Fa is the body force evaluated at
the particle a and second instalment of the equation the is

the viscous contribution. More information about this
formulation is found in [9].
The continuity equation is calculated as show in eg. 9
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The time step is calculated by eqg. 10

h
0.23—,
‘ 10
At = min IE E: (10)
0.25 min |—,0.125 min—
' "HJ I a v

The boundary conditions used is based in the Leonard-
Jones models, conform eq. 11
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This method uses the idea of repulsive force in the
domain wall particles. In the eq. 11, D is the magnitude of
the square of the maximum velocity in the domain and the
distance r0 is approximately equal to the initial separation
between the particles. More information about the
boundary conditions can be found in [8] and Monaghan
[10].

I1l. RESULTS

Initially, we started with an analytically constructed
solution using the Stokes equation. The Reynolds number
is defined and the velocity equation is obtained. From that
velocity one arrives at the field force. The domain is a 2D
square, with unit length. The calculated field force will be
the boundary condition inserted in the numerical
simulation together with the continuity equation. Thus,
the result will be a velocity profile that will be compared
with the analytically constructed profile. The field
strength is shown in eg. 12 and the continuity equation is
shown in eq. 13.

1 .
F =E"F'P—1J"F"u (12)

Veuw=0 (13)

where  An analytical solution of eq. (12) and (13) is
found by choosing a velocity field u = (ul,u2) that
respects the continuity equation and the wall conditions is
non-slip. Thus, we arrive at the formulation for u, shown
in eq. 14.

u; = x2(1 — x,P(2x, — 622 + 4x2) (14)

uy = —x2(1 — x,)%(2x, — 6x% + 4x?)
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The pressure is constant throughout the control volume.
Thus, you arrive at the field force, F, shown by eg. 15.

F o= (—24x, +12)x} + (482, — 24)x] +
(—48x2 + 72x% — 48x, +24)x3 +
(48x23 —72x2 + 24x, — 2)x, +

(—8xf 4 12x2 —4x, +1)

(15)
F, = (48x2 —48x, +8)x? + (—72x1 +
72x, — 12)x% 4 (24x% —48x3 +
48x2 —24x, +4)x, + (48x% -
7222 +24x, — 2)x, + (—12x% +
12x3 —12x3)

With the boundary conditions defined, it is possible to
engender the numerical code. A first simulation was
performed with Re = 10—6. This number is defined from
the maximum velocity across the domain. We used 1600
particles of internal fluid equally spaced at the beginning
of the simulation. For the wall conditions it is used 320
fixed particles. The smoothing length, h, used was
h=1.3Ax0. The result of the velocity profile is showed in
Fig. 1, where the horizontal central line is compared with
analytical solution. Fig. 2 shows the velocity vectors in
all domain.
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Fig.1. Velocity profile at the horizontal central line.
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Fig.2. Velocity vectors in all domain.

Once that the method is built and validated, the study
focuses on the analysis of movable wall. In this way, a
square geometry cavity is chosen in which one of the
walls moves in order to generate flow in the fluid. This
analysis are compared with experimental data, found in
Liu (2003). The Reynolds number used was equal to 1
and the side of the cavity was L = 10 -3 m long. To secure
Re = 1, the velocity of the upper wall U = 10-2 m has to
be reached. In order to impose this boundary condition, a
line of fixed particles is created and this velocity is
imposed on them. We use 1600 fluid particles and 320
wall particles, and the smoothing length, h, is equal to
initial separation between the particles.

Figure 3 shows the wvelocity field found after the
convergence. Figure 4 and Fig. 5 show comparison
between experimental and numerical data. It is noticed
that both results agree. The horizontal velocity component
was analyzed on a central line of the domain.
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Fig.3. Shear-driven cavity flow after the convergence.
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Fig.4. Vertical component of the velocity at the central
line in the cavity for Re = 1. The experimental data is
found in [8].
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Fig.5. Horizontal component of the velocity at the central
line in the cavity for Re = 1. The experimental data is
found in [8].

Another simulation carried out was increasing the number
of Reynolds. It is done with Re = 100. To do it, the speed
of the wall is also increased. Thus, it was necessary to
increase the particles, going to 64000 particles of fluid
and 320 wall particles. It is used as length for h, 1.3 Axo.
The numerical results found were compared with Ghia
[8]. Figure 6 and Fig. 7 present the comparison between
the results. As expected, the results were satisfactory.
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Fig. 6. Vertical component of the velocity at the central
line in the cavity for Re = 100. Red thick line is SPH
results and black thin line is the experimental data from
Ghia (1982).
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Fig. 7. Horizontal component of the velocity at the central
line in the cavity for Re = 100. The experimental data is
found in [8].

IV. CONCLUSION

An SPH numerical code was implemented to perform
simulations in confined flow for low Reynolds numbers.
A solution was created based on Stokes' equations. The
code performance in flows confined with one of the
moving walls was analysed. Simulations with Re = 1 and
Re = 100 were studied. The results were satisfactory and
with that, we intend to move on a new phase of the study,
which is to implement new boundary conditions in the
code, and also to analysing situations with free surface.
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