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Abstract - For the present paper, we will give a correct proof of Lp-inequality concerning the polar derivative of a polynomial

with restricted zeros. We will also extend Zygmund’s inequality to the polar derivative of a polynomial.
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I. INTRODUCTION
Suppose H (t) be a polynomial of degree m and suppose

H' be its derivative. According to the famous result
known as Bernstein’s inequality (see [7] or [2])

rmgﬂH t)<m n‘?‘gx (1)

Inequality (1) is sharp and equality (1) holds good for
H(t) =bt™,b#0. Inequality (1) extended to L, -norm
by zygmund [1] which shows if H(t) is a polynomial of
degreem, h>1,

{T\H'(e‘a}“de}% < m{T\H(eié’]“de}% .

We get the result which is sound and the equality in (2)
holds for H(t) =bt™,b 0. Let us suppose h — oo in
(2), we get inequality (1).

Suppose  P;H (t) denotes the polar differentiation of
polynomial H(z) with respect to a real or complex number
S . Then

P,H({t)=mH® + (B -tyH'(t).

The polynomial P,H(t) is of degree at most m—1
and it generalizes the ordinary derivative in the sense that

lim 27 @

o—>x©
Uniformly on compact subsets of C.
As an extension of (1) to the polar derivative, Aziz and
Shah (Theorem 4 withk =1, [8]) have shown that if
H (z) is a polynomial of degree m, then for every complex

number £ with |ﬂ|21,

‘PﬂH(t)‘sm|ﬁ|n‘?‘3>4H(t)| forlf=1 @

Inequality (3) becomes equality for H(t) =bt™,b=0.
If we divide the both side of the (3) by S
L — oo, we get the inequality (1).

It is natural to seek L,-norm analog of inequality (3). In
view of the L, -norm extension (2) of inequality (1), one

would expect that if H(t) is a polynomial of degree m,
then

UOZE‘P/}H (e”’)‘hd@}i < m|ﬁ|[L2”‘H(e‘9)‘hf @)

and suppose

Will be L, -norm extension of (3) analogous to (2). But
unfortunately inequality (4) is not, in general, true for

every real or complex number £ . To see this, we will

take in particular h=2,H(t)=(1-it)"and B=iy
where 7 is any positive real number such that

- n+.2m(2m-1)

1<
4 3m-2

®)
Now
P,BH t)=m@-iz)" —mi(B-t)1- it)m—l
=m(l—it)"(1-ip)
So that

2(m-1)

[ “|p,H (e“")\hde —m’-iff joz”\l— e’ do

=m’L-iff jo 2”\(1—ie"’)m1\2d9
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— m-. 2 — —_— —_—
( 1)_( 1}(ie‘9) y_m+,/2m(2m 1) y_m J2m(2m-1) >0 (9)
0 1 3m-2 3m-2
m1) .2 Sincy > 1, we have
x ie' ’
=i [ +( : j( ) do
_ m—./2m(2m-1) 51 m—./2m(2m-1)
oy 4 am-2 | 3m—2
+ (_1)m—l( j(lellg)m_l
m-1 _ 2(m-1)+,/2m(2m-1) 0
m-1)? - 3m-2 g
( o ) and hence from (9), it follows that
N2 B m—./2m(2m-1) 50
V4 > 0.
+( j o 3m-2
— 21m? l—iﬂz 1 This gives
| | (mljz m—./2m(2m-1)
+ =
2 3m-2
2 It gets contradicts (5). Hence inequality (4) is not, in
m-1
T general. True for all polynomials H(t) of degree m >1.
R However, we have been able to prove the following
generalization of (2) to the polar derivatives.
2 Theorem 1. If H(t) is a polynomial of degree m, then for
=27m |1—|,B| 2(m-1) (6)  every complex number £ and h>1,

also - ) { [ (eif’)hd@‘f < m(|ﬁ|+1)[ [H (ei‘))“deﬂi (10)

21 2 (27 27 i0
m |ﬂ| L o 1-e ‘ do Remark. If we divide both sides of (10) by |ﬁ| and

H (e“g)\hde: m?| 4’ j

) ) make|,8—>oo|, we get inequality (2) due to Zygmund
=m? g j (a-e")"| do [1].
0 For polynomials H(t) which does not vanish in the unit

o2 ™. i disk, the right hand side of (2) can be improved. In fact, in
=m |ﬂ| Io 0 N ) (ie”) this direction, it was shown by De-Bruijn [4] that if H(t)

m does not vanish in|z| <1
+( j(ielg)z—...-}— 1 1
2 27 i h 2 i h
o UO ‘H(eg)hdﬁﬂhgmcpuo \H(e")“deﬂh 1)
e Jierymao o 1
) . " 1 r2r h “h
Using (6) and (7) in (4),we get Where C=| = [ "[L+e"| dy (12)
N2 2 2 29
:27zmz|,8|2{( j +(j +...+( j} Inequality (11) is best possible with equality for
0 ! " H(t) =bt" +c,|o| =|c|.If we let h— o0 in (12), it
This implies follows that if H (t) = 0 forjt| <1 then
. ollows that I
mil-if* <2(2m-1)|4° ®) )
Setting B=iy in (8), we get %93(|H'(t)| sarm§i<|H(t)| (13)

2 2
. m_(1+7) Sg(Zm—l)y Inequality (13) was conjectured by Erdos and later
This inequality can be written as verified by Lax[3]. Aziz [6] extended (13) to the polar
derivative of a polynomial and proved that if H(t) is a
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polynomials of degree m which does not vanish in [t/ <1,

then for every complex number £ with |ﬂ| >1,

max\P,,H(t)\s%(]ﬁ|+1)rm§i<|l—|(t)| (14)

[t|=1
This estimate (14) is best possible with equality for
H(t)=t" +1 If we divide both sides of (14) by |/

and make |,6’| —> 00, we get inequality (13) due to Lax

[3]. While seeking the desired extension to the polar
derivatives, recently Govil et al [10] have made an
incomplete attempt by claiming to have proved the
following generalization of (11) and (14).

Theorem2. If H(t) is a polynomials of degree m which

does not vanish |t|<1, in then for every complex

number £ with |ﬂ| >1,

27

UO PﬁH(em)hdﬁ}; < mQ,B+1)Cp{L2ﬂH(e‘9)hd9T (15)

Where Cp is defined by (12). Unfortunately the proof of

this theorem, which is the main result (theorem 1.1 of
[10]) given by govil, Nyuydinkong and Tameru is not
correct, because the claim made by the authors on page
624 in lines 12 to 16 by using Lema 2.3 is incorrect. The
reason being that their polynomial.

PyH, (1) +e"{mBtH,, (t) + (1 A)tH, ()}t =e”
In general does not take the form

m .
D bt t=e"
k=0

m

where H, (t) = Z:bktk and the complex number |,
k=0

defined by them on page 624, line 10, by

L(Ho @) = [AH, )], = X 1,

Along with the equation (24) of [4]T It is worthwhile to
note here that if we take

L(H (7)) =mH, () + (86" JH (") }.o
and use the same argument as user by Govil et al (page
624, line 10 of [4]), then in view of the inequality

P,H®)|<mA] T‘gﬂH ()] forjt| =1
(see Theorem 4 with k=1 of [8], the above bounded

functional has norm N < m|,8|

Therefore, if we use lemma 2.3 of [4] which is due to
Rahman (lemma 3 of [5]), it would follow that

1 1
27 . 27 .

UO P,H (e'ﬁ)“\de}“ < m|ﬁ|U0 H (e'ﬁ)“\de}“
For every h >1 and |B|21, and which is not true in
general as shown above.

Here we shall also present a correct proof of theorem 2,
which shall validate Theorems 1.2 and 1.3 of Govil el al
[10] as well. Finally we shall also present a short proof of
Theorem 1.3 of [10]. That is, we prove the following.

Theorem 3. If H(t) is a self inverse polynomial of degree

m, then for every complex number S andh >1,
27

Iy PﬂH(e"’)“dH}; <n(gf+1c,| | H(em)“def(lﬁ)

Where Cp is the same as in Theorem?2.

I1. LEMMAS
For the proofs of the theorem, we need the following
lemmas.
Lemma 1. If H(t) is a polynomial of degree m which does

not vanish [t| <1, and Q(t) =thGJ, then for
every complex number S with |ﬂ| >1,
P,H®)|<|P,Q"(M)| for [f>1.

Lemma 1 is due to Aziz (p.190 of [6]
Lemma 2. If H(t) is a polynomial of degree m and

* 1
Q(t)=t" (;} then for every h >0 and f real,

J-Z;z J~271'
0 JO

Lemma2 is due to Aziz [11] (see also [5]. We also need
the following lemma.

Leema3. If H(t) is a polynomial of degree m, H(0) =0

Q'(e")+¢”H '(e”’)\hdedﬂ < 27m° jo 2”\H (em)\hde

* 1
and Q (t) =t" H(;) , then for every complex number
L,h>1 and f real,
2r p27 * i i h
[ PQ ") +e"PHE")| daip

h (2 L
<2m" (] +1) jo”\H(e'ﬁ)\ do
Proof of lemma 3. We have by Minkowski’s inequality
forevery h>1 and /freal,
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1

_ _ _h o
PﬁQ*(e“‘)) +e"P,H (e'g)‘ dey}h

I8

mQ'(e”) +(B-e")Q" (¢”)
_ J-027r .[OZﬂ

dady

+e7(MH(E") + (B -e")H'(e")
[ peereaeemmer,, |
B 0 J0 _eiﬁH!(ei0)+ﬁ(Q*'(ei9)_I_ei;/Hy(eig)

1

h

mQ’(e")
—e"Q" (")
+e”(mH(e")
—e’H'(e")

IN

dady

J-Zﬂ J~27r
0 Jo

=g

Q" (e") +e"H ’(e”’)‘hdedy}

) ﬂ[ J-Ozﬁ J-Ozﬁ

A7)

since Q" (t) =t" HG), we have H(t) = th*Gj

and it can be easily verified that for 0 < 8 < 27

mH(eiH)_eieH l(eig) :ei(m—l)QQ*’(eiH) (18)
and mQ*(eiQ) _eiQQ*’ (eie) :ei(m—l)QHl(eiH) (19)
Using (18) and (19) in (17), we obtain

1
D-OMLZE PﬂQ*(ei9)+eiﬂPﬂH (eig)‘hdédjf:lh

1

< J‘Z”J'Z” ei(m—l)Hm_'_eiyei(m—l)HQ*‘ @) hdéd h
S v

1

Q") +e"H () daty |

A LT

Q") +erH ) day |

Iy
[
G N Q’“(em)+e”H'(ei9)\holacw}i

This gives with the help of lemma2,
["[7P,Q(e") +e"P,H(e") ded
o o T 5 4

Q') +e"H'E" daty |

2z

<2m’(B+1)'["|H(E€")hdo
This completes the proof of Lemma3.

I11. PROOF OF THE THEOREMS
Proof of Theorem 1. By Lemma3, we have for every

complex number £, h>1andg real
2r (27 * ig i 10\0 4 &
[ PQ (") +e’P,H(E") d6dy

2z

< 27zmea| +1)hJ.O ‘H (ew)‘hde (20)
Using in (20) the fact that for any h >0,
27 oh h |_h
.L lb+ce”| dp = 27zma><ﬂb| | )
(See inequality (19) of [5]), we obtain

[IOZn‘PﬁH (eie)‘hi|h < m(|ﬂ| +1)[IOZH‘H (eig)h‘de}h

This completes the proof of theorem 1.
Proof of Theorem 2. Since H(t) is a polynomial of

degree  m which does not vanish in |h| <1, by Lemma 1

we have for every complex number £ with |ﬁ| >1

P,H (1)< ‘PﬂQ*(t)‘ for [t|=1 1)

* * 1
Where Q (t) =tmQ (;j Also by Lemma 3 for every
complex number ﬁ,h >1 and 7 real,
[ PQ ") +e7P, ) dp do
o | I'5 A

2 NILL
szmnp(|ﬂ|+1)“jo”\|-|(e'9)\ do
Now for every real f and r>1, we have
‘r+eiﬂ‘ 2‘1+e‘ﬁ‘,

(22)
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Which implies
[“r+er ap= [“hee” dyn=o
* A0
If P,H (e') %0 we take I = %,

andby (21) r 21

27 i i io"

jo P,Q (€")+e”P,H(E")| dB

PQEY
00

P,Q (e™)

P,Q"(e")

P,Q"(e")

i h p27 i h
>|P,H(E")| | " L+e”| dy
For> PﬂH(e“g)zo, this inequality is trivially true.

Using this in (22), we conclude that for every complex
number £ with |ﬂ| >landh>1,

joz”p+ e‘y‘hdy joz”\PﬂH (em)\hde

< 27mP (B +1) mH (e‘g)\hd 0,

Which immediately leads to (15) and this completes the
proof of theorem 2.
Proof of Theorem3. Since H(t) is a self inversive

polynomials of degree m, we have H(t) = Q"(t) where

-PQ' ") dy

=P,Q €], +eldy

Q'(t)=t"H % Therefore, for every complex number

B.|P,H®)]=|P,Q"(1)] forail teC,
So that

PQ(e")
P,H(e")
Using this in (22) and proceeding similarly as in the proof
of theorem 2, we get (16) and this proves Theorem3.
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