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Abstract- There is a quest for learning that would allow signal analysis systems a parsimonious representation such as K-SVD 

analysis. This involves breaking down the image into a parsimonious representation via the orthogonal adaptive tracking 

method, then initializing the learning dictionary and updating the atoms of that own dictionary. 
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                      I. INTRODUCTION 
Several papers proposed the implementation of the K-

Singular Value Decomposition algorithm as well as 

Orthogonal Matching Pursuit (OMP). OMP is a key step 

in the K-SVD algorithm used for the parsimonious 
representation of images. A signal is parsimonious when 

most of its coefficients are approximately zero [1] 

 

II. DEFINITIONS 
1. Dictionary 

A dictionary is a set of elements d1 ,… , dk  ϲ IRn, where 

k is greater than or equal to n. It is generally written in 

the form of a matrix D of dimensions n ×  k, and all its 

columns are dielements that we call "atoms". [2] 

 

2. Learning Dictionary 

A learning dictionary is defined for a given input 

signal  𝑦𝑖,consisting of  𝑦1 ,… , 𝑦𝑁  elements, with  𝑁 >
> 𝐾, this makes it possible to produce a learning 

dictionary 𝐷∗where: 𝑥𝑖
∗ ≈  𝐷∗𝑦𝑖 and 𝑥𝑖are parsimonious 

codes or sparse codes. [2] [3] 

 

(𝐷∗,𝑋∗) =  arg min
𝐷 ,𝑋

  𝑦𝑖 − 𝐷𝑥𝑖 2
2

𝑁

𝑖=1

(1) 

 

Where:  x 0 ≤ T 
 

(𝐷∗,𝑋∗) = arg min
𝐷 ,𝑋

 𝑌 − 𝐷𝑋 𝐹
2 (2) 

 

Where:  𝑥 0 ≤ 𝑇            
With: 
 

 𝑌 a matrix of dimension 𝑛 ×  𝑁 constituting 𝑦𝑖 
columns, 

 𝑋a matrix of dimension 𝐾 ×  𝑁, constituting 

𝑥𝑖columns, the parsimonious codes of the input signal 

𝑦𝑖. 
 𝐷 =  𝑑1 ,… ,𝑑𝑘   𝜖 𝐼𝑅𝑛×𝐾with which 𝐾 >  𝑛 will 

cause over-learning of the dictionary or over-complete 

dictionary. 

 𝑇 the stress of sparsity 

  𝑌 − 𝐷𝑋 2
2is the dictionary reconstruction error. 

 

III. RECONSTRUCTION LEARNING 

DICTIONARY 
As before, learning a reconstructive dictionary with 

𝐾 models for parsimonious representation or sparse 
representation is done by solving the equation 3. 

 

(𝐷∗,𝑋∗) =  arg minD,X Y − DX 2
2,          (3) 

 

Where:  𝑥 0 ≤ 𝑇 

 

The reconstruction of the dictionary D is performed by 
minimizing the reconstruction error and satisfying the 

sparsity constraint. 

The K-SVD algorithm is an iterative approach to 

minimize the energy of the previous equation and learns 

from the reconstructive learning dictionary for 

parsimonious representation of the signal. [2] 

 

IV.CLASSIFICATION LEARNING 

DICTIONARY 
The parsimonious codes 𝑥 are used here as necessary 

elements for the classification. The nature of a classifier 

𝑓 (𝑥) is obtained by determining the parametric models 

𝑊𝜖  𝐼𝑅𝑚×𝐾will satisfy the following equation 4. [2] 

 

𝑊 = 𝑎𝑟𝑔𝑚𝑖𝑛𝑊  𝐿 𝑖 , 𝑓(𝑥𝑖 ,𝑊) + ℷ1 𝑊 𝐹
2

𝑖 (4) 
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Or : 

 L is the loss of classification function 

 𝑖 is the label of 𝑦𝑖 
 ℷ1is a regularization parameter. 

 

V. GENERAL CONTEXT OF THE 

PROJECT 
We consider a set of N image patches:{yi}i ∈ {1;N}. Each 

yi is a vector of   IRn, n = s2, where s is the size of the 
square patch considered. Metrically, the input data will 

be represented by the matrix  Y, of size n x N, where the 

{yi} are the column vectors. 

We will try to represent Y by a linear combination X of 

basic elements, denoted   D. 
 

Y ≈ DX (5) 

D is a matrix of size n x N, whose column vectors are 

the K elements of the dictionary. 

We are trying to learn, that mean.  dj j∈ 1 ;K 
, X is the 

matrix of size K x N containing all the projections of Y 

on D. 

The column vectors of  X,  xk k∈ 1 ;N , contain the set of 

projections of yk  on D: yk ≈ Dxk .In order to best 

represent the data, the problem is to find D and X 

minimizing the following optimization problem: 

 

minD,X  Y − DX F
2                                                (6)  

Where:  X Fis the Frobenius norm of matrix X. 
 

If  n < 𝐾, the matrix D is of full rank, so that an infinity 

of solutions exist to the problem. Constraints must 

therefore be imposed to restrict the search space. 

Among these, constraints limiting the projection yion 

the dictionary D to parsimonious decomposition have 
been studied a lot. 

We are then brought back to solve the following 

equation problem: 

 
min𝐷,𝑋{ 𝑌 − 𝐷𝑋 𝐹

2 }such that : ∀𝑖,  𝑥𝑖 0 <

𝑇0    

(7) 

 

Where:  𝑥𝑖 0is the norm 𝑙0of the vector𝑥𝑖 , i.e, the 

number of its non-zero components. 

 

VI. THE K-SVD ALGORITHM 
The K-SVD algorithm is an algorithm for solving the 
parsimonious dictionary learning problem. For reasons 

of efficiency, an optimized version of the algorithm has 

recently been proposed: the OMP. [4] 

The algorithm consists of an alternating optimization. 

Iteratively solve a partial problem in 𝑋, at 𝐷 fixed. This 

step is called sparse coding step in which we try to 

solve: [4] [5] 

𝑚𝑖𝑛
𝑋

{ 𝑌 − 𝐷𝑋 𝐹
2 } (8) 

Such than:∀𝑖 ∈  1 ;𝑁 , 𝑥𝑖 0 ≤ 𝑇0  

 

The second step of K-SVD is to optimize on 𝐷 to 𝑋 

fixed. We therefore seek to solve: 

min
𝐷

{ 𝑌 − 𝐷𝑋 𝐹
2 } (9) 

 

The K-SVD algorithm will successively optimize each 

atom of the dictionary 𝑑𝑘  independently of the others, 

supposed to be fixed. The objective function is written 

as follows: [4] [5] 

𝑓 𝐷 =  𝑌 − 𝐷𝑋 𝐹
2 =  𝑌 − 𝑑𝑗𝑥𝑇

𝑗

𝐾

𝑗=1

 

𝐹

2

 

=   𝑌 − 𝑑𝑗𝑥𝑇
𝑗

𝐾

𝑗≠𝑘

 − 𝑑𝑘𝑥𝑇
𝑘 

𝐹

2

 

𝑓 𝐷 =  𝐸𝑘 − 𝑑𝑘𝑥𝑇
𝑘 

𝐹

2
                                                (10) 

 

Each product 𝑑𝑗𝑥𝑇
𝑗
is a matrix of size 𝑛𝑥𝑁. The term 𝐸𝑘  

is the data reconstruction error made from the 𝐾 − 1 

elements of the dictionary{𝑑𝑗 }. 

Since we suppose that these elements are fixed, we try 

to minimize 𝑓(𝑑𝑘). It is possible to minimize 𝑓(𝑑𝑘)by 

least squares, but we want to ensure that the updated 
solution always allows parsimonious decomposition. To 

ensure this property, we will define: [4] [5]. 

 

𝑤𝑘 = 𝑖|1 ≤ 𝑖 ≤ 𝑁,𝑥𝑇
𝑘(𝑖) ≠ 0 (11) 

𝑤𝑘Represents the set of indices that use the atom 

𝑑𝑘(those for which 𝑥𝑇
𝑘(𝑖) = 0). 

The method used to optimize 𝑑𝑘  is then: 

 We restrict the matrix 𝐸𝑘 , to form 𝐸𝑘
𝑅 considering 

only the columns corresponding to 𝑤𝑘 . If we write 

Ω𝑘 the size matrix 𝑁 ×  𝑤𝑘   corresponding to copy 𝑁 

times the line vector 𝑤𝑘 , we have: 

𝐸𝑘
𝑅 = 𝐸𝑘Ω𝑘  et 𝑥𝑅

𝑘=𝑥𝑇
𝑘Ω𝑘  (12) 

 The solution will actually minimize   𝐸𝑘
𝑅 −

 𝑑𝑘𝑥𝑅𝑘𝐹2with respect to 𝑑𝑘 and 𝑥𝑅𝑘,, ensuring that 

the support of 𝑥𝑇
𝑘 remains unchanged. 
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     Table 1 Approach with the K-SVD algorithm 

 

 

 

 

 
 

Fig. 2 K-SVD Algorithm 

 

VI. SIMULATION RESULTS: 

FILTERING VIA K-SVD 
For the implementation of the K-SVD algorithm, one 

must proceed to the development of the function 

[D, X, err]  =  ksvd (Y, initdict, iternum, thresh) which 

will perform an optimization of K-SVD overall. 

The method takes as input the matrix of data Y, the 

initial dictionary in itdict, a number of iteration iterum 

fixed, thresh is the threshold of non-zero coefficients in 

the parsimonious decomposition that will be performed. 
The method must therefore for each iteration alternate 

between: 

 A step of sparse coding: call the method 

X  sparseCoding (data, D, T0) provided 

 An optimization step of D: call the optimize dk method 
of the previously debugged dictionary. 

Task : Represent the samples yi i=1
N , by resolving : 

min𝐷,𝑋  𝑌 − 𝐷𝑋 𝐹
2   such as ∀𝑖,  𝑋𝑖 0 ≤ 𝑇0  

1. Initialization: define D(0) ∈ Rn×K  with l2standardized 

column. Define J = 1 

ωk =  i 1 ≤ i ≤ N, xT
k (i) ≠ 0   

Ek = Y − dj

j≠k

XT
j
 

2. Repeat until convergence 

 Parsimoniouscodingstep:  
Use an OMP algorithm, bringing it closer: 

i = 1,2,… , N, minxi
  yi − Dxi 2

2  

such as  Xi 0 ≤ T0 

 Code update step:  

For k = 1,2,… , K in D(J−1), update in : 
- Defining the group of examples that uses this atom, 

- Calculating the global representation error matrixEk  

par : 

- LimitingEk , by choosing the columns corresponding 

toωk, and get Ek
R . 

- apply SVD, Ek
R = UΔVT .  

The updated dictionary columndkequal to the first 

column ofU.  

Update the coefficient ofXR
k to be the first colonne de V 

multiplied by Δ(1,1). 

3. Define𝐽 = 𝐽 + 1 

Launch of the parsimonious coding process 

Reduce the selected row columns by choosing 

only the non-zero coefficient 

Is there a non-

zero value to the 

indexxi
t  ? 

 

Initialize 

Dictionary not   

up to date 

Generate the ith signal by deleting the contribution of the ith 

column in the dictionary 

Look for the error matrix Ek  

Update of the ith column and the ith coefficient of the line 

using SVD (Ek) 

Start 

End 

No 

Yes 
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 Finally, calculate the error at each learning iteration, 

and return err (the vector of the errors during the 

different iterations) 

1. Mise en oeuvre 

1.1 Representation of the Original Image 

 

 
Fig.3 Original image 

Here shown above, the original image before adding 

white noise.Our objective here is to be able to generate 
additive noises for the chosen image, and thus to be able 

to reach the end of eliminating the noise thanks to the 

K-SVD algorithm. 

 

Especially to their reconstruction error result, the 

multiple linear classification error, and as well as 

discriminatory parsimonious code error. All of its 

criteria will be necessary during the K-SVD steps 

because it allows the optimization of the classification 

via the reconstruction of an optimal dictionary. 

 

1.2 The Learning Dictionary 

 
Fig.4 Learning Dictionary of barbara.png 

 

1.3 Parameters of the Simulation 

Here are the parameters of the simulation 

           Table 2 parameters of the simulation. 
 

Nombred’itération Iteration number 30 

Taille du dictionnaire Dictionnary’s 

size 
256x256 

Taille des blocsbloc’s size 8x8 

Puissance du bruit: σ (dB) Power of 

noise σ (dB) 
10 et 20 

 

1.4 Introduction of Noises on the Signal 
 

 
Fig.5 Noisy Image 

 

The result found in Figure 5 here shows the noisy image 

with a noise parameter σ = 20 dB, having a PSNR = 

22.11 dB and this latter value will be compared next 

with that of the reconstructed image after filtering via 

the method K –SVD. 
 

1.5 Image reconstruction by K-SVD filtering 

 

 
Fig.6 Reconstruction of the image via K-SVD 



 

 

© 2019 IJSRET 
   60 
 
 

International Journal of Scientific Research & Engineering Trends                                                                                                         
Volume 5, Issue 1, Jan-Feb-2019, ISSN (Online): 2395-566X 

 

 

This Figure 6 shows the result of the noise elimination 

operation with a satisfactory result well above 30 dB, ie 

30.92 Db This will justify the effectiveness of the K-

SVD algorithm. 

 

1.6 K-SVD Convergence Error with 30 Iterations 

 

 
Fig.7 Convergence error of the K-SVD: RMSE 

algorithm according to the iteration 

 

This further encourages us on the efficiency of our 

method with a result of recovery of atoms 78%, as well 

as a rate of RMSE largely lower than 0.04 for an 

iteration equal to 30. 

 

VII. RESULT 
Table2 Comparative Table Of Results In PSNR Several 

Experiments 

 

Noise 

SNR 

(dB) 

Barbara 

PSNR 

(dB) 

Boat 

PSNR 

(dB) 

House 

PSNR 

(dB) 

Lena 

PSNR 

(dB) 

Pepper 

PSNR 

(dB) 

σ=10 34.62 33.73 36.14 35.57 34.82 

σ=20 30.92 30.40 33.31 32.37 32.24 

 

VIII. CONCLUSION 
The performance of the K-SVD algorithm is now of key 
importance in an image processing system such as 

image filtering, compression and image filling.The 

performance of this algorithm improves linearly with 

the number of iterations during the update of the atoms 

of the learning dictionary and also with the use of OMP 

decomposition. 
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