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I. INTRODUCTION

Many people are still impressed by the use of
fractional operators in simulating real-world issues.
Numerous studies have been conducted in the
literature, including fractional oper- ators in science
and engineering, mathematical physics, physics and
numerous other fields [2, 6, 7].Nowadays, fractional
operators are favored for modeling rather than integer-
order derivatives since the literature notes that
fractional operators take memory effects and extend
the concept of the classical derivative.

Because it may also be applied to the classical begin-
ning condition employed in physics, the Caputo
derivative attracts increased attention.The initial
circumstances of the model problem should be in
integral form, which means that the Riemann-
Liouville derivative is not a physical instrument. In
physics, having a starting condi- tion in integral form
is the biggest annoyance. Fractional-order derivative
modeling of chaotic systems has garnered attention
throughout the past ten years.Chaos theory start to
receive attractions in a fractional environment. The
rationale is that we can either preserve or lose the
chaotic characteristics of the systems by varying the
order of the employed derivative. As can be shown in
[3, 4, 14, 15, 16], several novel attractors are also born
with the frac- tional operators. The terms used to
describe the chaos’s characteristics are another factor.
For instance, hyperchaotic systems with a single
positive Lyapunov exponent can occur in a fractional
setting.

We first provide a brief overview of the literature on
modeling chaotic systems with and without fractional-
order derivative, before moving on to the motives for
the research discussed in this study. As can be seen in
the following studies [17, 18], Sene et al. have recently
intro- duced a number of fractional chaotic systems via
Caputo derivative and studied their phase portraits,
bifurcations  diagrams,  Lyapunov  exponents,
sensitivity to the initial conditions, and influence of the
fractional orders in obtaining new types of attractors.
Pacheco et al. introduce and study fractional chaotic
systems with hidden and self-excited attractors in [20].
In [19], Akgul uses a fractional operator memcapacitor
to analyze chaotic oscillations.

In re- cent publications [21], the fractional order
chaotic systems with non-singular kernels have been
proposed. Rajagopal et al. introduced a multi-scroll
chaotic system with sigmoid nonlinearity in [22] and
suggested the fractional context of their model; they
specifically looked into the Caputo fractional
derivative and the Adams-Bashforth-Moulton
predictorcorrector method to get the phase portraits.
Hyperchaotic behaviors is defined as having two
positive Lyapunov exponents. However, this
description does not appear appropriate in a fractional
context, as there are fractional hyperchaotic systems
that have one positive Lyapunov exponent.

In this study, we propose to use the fractional operator
[10] to represent a chaotic system. We employ the
Caputo derivative in our modeling, which is driven by
the initial condition. The impact of the Caputo
derivative on the dynamics of the chaotic system under
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consideration will be the main topic of this study.

Following modeling, we will investigate [8, 13] the ®
impact caused by the bifurcation diagrams [11] on the 0
dynamics of our chaotic system to vary the model’s
parameters. By figuring out the Lyapunov exponents 1
[5], we will validate the chaotic zone. It will be proven .
that the system we deem chaotic is also dissipative. =
Uncertainties and disturbances in the trajectories of the "
novel fractional order chaotic system are also
estimated using adaptive sliding mode technique while =
controlling chaos in the system. .
I1. FRACTIONAL CHAOTIC SYSTEM -0
/] 10 20 i ] 40 50 [} 0 an B 100
t
The fractional chaotic system motivated from [1]is (a)
given as:
30
D97, =DZ, — Z,75
DOZ, = E — AZy + Z:75 + CZ» (1) 2f
D97, = —BZ; + 7,7,
10
where V =(Z1, 22, Z3)T € R3 are states of the system N ’J
with A,B,C,D,E € R as parameters. For A=9, B =4, o
C=15,D =285, E=0.2and initial states as (1, 1, 1)
with Q as 0.97 the time series with phase portraits are =l
displayed in Fig.1 and Fig.2 respectively. Phase
portraits of the system for varying Q are shown in -
F|g3 [} 10 m i ] 0 5t0 [} i an B 100
I11. DYNAMICAL ANALYSIS OF (b)
SYSTEM
-
Three dimensional fractional order system is studied
with help of some dynamical tools. By varying Q =
between 0.8 to 1 the changes in system dynamics is o
observed.
o
3.1 Symmetry & Dissipative v
The three dimensional chaotic system (1) shows
rotational symmetry about Z2 axis as system remains 20
invariant under the co-ordinate transformation Z1 — "
-Z1,72 — 72,73 — —73. o

] w o ¥ H£H N @ [ I ] B 100

The fractional order chaotic system is

Fig. 1:State Trajectories of (1)
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Fig. 2:Phase Portraits of (1)

ic) (d}

Fig. 3:Phase Portraits of (1) for @ (3)0.97 (b) 0.987 (c)0.99 (d)1
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[l
DYZ, Ki(Z1, Z2, Z3) DZy — 7,753

D9Z, = K, (21, 22,23) = V'E —AZy + Z1Z3 + CZ5'
DYZ; Ks(Z1, Z2, Z3) —BZ3; + 7,127,

Divergence of field K is

o(DZy —Z573) . O(E —AZy + 7,73 + CZ5) . O(=BZ3 + Z175)
ie. 071 07> 073

VK=D-A+C-B<0

i.e. system (1) is dissipative as VK £ Q.

1.1 Solution of System

The chaotic system is
DOK(t) = P(K(1)

K(0) = Ko
where t € (0, T].

Here O

71 Z10
K="12Z K, ="Z0"

Z3 Z3O

DZ, — 72273

PY(KH) = E-AZ,+Z1Z3+CZ,

—BZ3; + Z,17>

Solution of the fractional order chaotic system in wxI, where I=(0,T] and @ = (V) : max|K| < P
fori=1,2,3,P =0.

The LLV.P.

K(t) = Ko + J t
0 W(K(s))ds

Let Ko + It S(K(s))ds be denoted by S(K) with Z1, Z, Zs € R®
Then S(K1) —S(K2) = [t
0 (P(Ka(s)) — P(Kz(s)))ds

Hence

S(Ki) —S(K) = | It
RUCORSICIONE

=
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Sup norm is chosen for g(t) € C(0,T] is = [IS(V1) — S(V2)
Supte(0,T Jlg)l. and [C] B YRV
- where P; = Tmax(P, P, P).

i,j Supte(0, T ]lgij(t)| is chosen for G = i.e. for 0 < Py <1 S(K) is a contraction map.

[gii (D] Wltflogij(t) € C(O,IT].
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Fig. 4:Bifurcation diagram of (1) for different parameters.
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Fig. 5: Bifurcation and Lyapunov diagrams of (1) for different Q.

Lyapunov Exponents, Kaplan-
Yorke dimension and Bifurcation
Anal- ysis

To have the separation rate idea of
infinitesimal close trajectories Lyapunov
values are looked for. For A= 9, B=4,
C=15, D=2.85, E=0.2 and initial
conditions  (1,1,1) the  following
Lyapunov values at fractional order 0.97
are obtained.

0.4969

0.0016 =0
—-10.2977

The first Lyapunov componentbeing positive
confirms chaos in the system. The chaotic
dimension (K.Y.) is: =

(KYDsZp o ) e

s=1
|L.E.p+1|
where p is the greatest number satisfying

DyK =p+

s=1

Zp

>
L.E.s >0 and p+1 L.E.s < 0. Using above

values the K.Y. dimension is 2.04840886.

Fractional order has very sensitive
dependence on system dynamics. A slight
variation in value of system leads to entirely
different dynamics. The effect of fractional
order on the dynamics of the system and
hence Lyapunov spectrum and bifurcation
analysis is given in Fig. 4. From Fig. 4 it
is evident that the novel fractional order
system shows chaotic behavior for
fractional order 0.85 and above.

Chaos Control

Chaos in trajectories of the chaotic system
can be controlled using the adaptive sliding
mode control technique. Chaos is controlled
here  considering  uncertainties and

s=1
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disturbances in the chaotic system after disturbed fractional order chaotic system (2)
designing  suitable  controllers.  The is:
a0 - 20
15
20
10
10 &
- 0
Nl 1 | 'JI o
=
10 -i0
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20
=20
-0 + 25
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Fig. :6 State Trajectories of disturbed system (2)
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Fig. 7: Phase Portraits of disturbed system (2)
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Fig. 8: (a) Controlled states (b) Error (c) Sliding surfaces (d) Disturbance estimates (e) Disturbance estimates.
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DAZ, = DZ, — ZoZs + AHy + Dy + vy
DOZ, =E — AZ,+Z\ 75+ CZo+ AH, + Dy + vy 2)
D97y = —BZ3+ 717+ AHs+ Ds+ vy

where A Hiare uncertainties and Di are external
disturbances, vi are controllers to be de- signed about

the chosen point (a, b, ¢). Consider | /A Hi| < Ci and

Di < Fi where Ci, Fi >0 fori=1,2,3. Let C"i and F"i be
the estimates of Ci and Fi. State trajectories and phase
portraits

of disturbed system are shown in Fig. 5 and 6
respectively. Error about (a,b,c) is:

eg=2,—a
ey=2Z;—b (3)
es=23—¢C

Error dynamics is:
D%, =2.85(e; +a) — (e; +b)les+c)+ AH + D, + vy
D%,=0.2 — 9(e, +b)+ (e, +a)(es+c)+1.5(e, +b)+ AH, + D, + v,

D%, = —Ales+c)+(e;+a)le; + b))+ AH; +D; +vs

Sliding surface in error space is:

Jt
si{t) =D te{t) + A, el8)dE (5)
0

To have (4) in sliding mode, we must have:

s{t)=0,57(t)=0. (6)
Differentiating (5):
si(t) = D%j{t) + Aey(t). (7)
From (6):
Dle{(t) = —Aedt). (8)

From Matignon’s Theorem [9], (8) is asymptotically
stable. For ri > 0 design controllers based on SMC
theory as:

vi= —2.85(e; +a)+ (e; + b)(es +¢) — sin(7t) — Aye; — (C 1+ F 1+ ry)sign(sy)

Vo= —0.2 +9(e;, +b) — (e +a)(es +¢) — 1.5(e; +b) — Ares — (C 2+ F 2 + r2)sign(s,)

vs=4(es+c) — (e, +a)le, + b) — 7cos(e, + a) — Ase; — (C‘g +F 3+ rs)sign(ss)

with sign(.) as signum function. Update laws for ci, fi
>0 are:

CE=C:"5;|

E;=fi s

(10)

Theorem 8.1 Chaotic state trajectories of the disturbed
fractional order chaotic system attain global and
asymptotic stability using control and update laws as
in (9)-(10).

Proof: Stability is proved based on Lyapunov’s direct
method [12]. Define Lyapunov function as:

Let.
V=Vi++V (11)
where
1, 1 - 1+ R 2
Visgsit (G -G) T oplfi— R
1, - H o 2
vy = 5152 + Z_Clz:CJ (=S 2_,";“;" ) (12)

2 2 2
=8+ ——(C; — +—(F—
R e I A

Differentiating we obtain Lyapunov’s dynamics:

. Sl . - 1 -
V =ss5 +
11 1 a(ff1 - C1)S:1 + a(f':m - F1)F1h
V =55 + (13)
2 2 2 E(Cz - Cz)AC2+ E(Fj - Fz)FE
V =55 +
3 33 —(G — GG+ —(F; — F)F:
l"j( 3 3) 3 fg‘:a 3)3

From (7), we have:
V =s(D% +Ae)+t Sl .
11 1o (G- GG (R - F)R
1 f1
V =s(D% +Adlel+—+ - =7 -
2 2 1 22 (G — Q)G+ —(F, — R)A
€2 f2
V =s(D% +Ael+ - =0 -
33 333 (G- GIGH 7o (Fs — Fafs

(14

Substituting values in (14):

Vi=sl(aH+D)— (Ci+F i+rjsigns] +(Ci — F)ls| + (i — F)ls
= (| a Hil +10)si| +(Er = Flsi| + (€5 — Flsi]
<(C+Flsil — (€i+ F i+ r)|signsi| + (€; — F)lsil + (€ — Flsil
= —Tils
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Finally

-
V= Vi

=1 (15)

< = (Tn‘-'i:“
=1

Thus 3 aT>0 € R such that

Tilsil >T

3 2Ty
V <—T 5 Fs5°F5

1 2 3 (16)
<0

From Lyapunov stability theory si — 0ast — o,
i.e. errors converge to si = 0 and stability is attained.

Simulation Results
For numerical simulations, we have A=9, B=4, C=1.5,

D=2.85, E=0.2, Q= 0.97 and the 1.C.(1, 1, 1) , AH1 =
0, D1 =ssin(7t), AH2 =0, D2 = 0, AH3 = 7cos(Z1),

D3=0,A1=1,2=2,A3=3,r1=1,12=2,r3=3.
Controlled trajectories, errors, sliding surfaces,
disturbance estimates are in Fig.7.

V. CONCLUSION

The paper studies the fractional order chaotic system,
performs its thorough dynamical anal- ysis such as
phase portraits, solution, Lyapunov spectrum,
bifurcation analysis, effect of frac- tional order. The
chaos in the trajectories of the novel fractional order
chaotic system con- sidering uncertainties and
disturbances is controlled about origin and are also
estimated.

Future work comprises of exploring hidden attractors
of the system.
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